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Abstract 

It is shown that to every operator T in a general von Neumann factor M of type 
III and to every Borel set B in the complex plane C, one can associate a largest, 
closed, T- invariant subspace, X = %t{B), affiliated with M, such that the Brown 
measure of T\'x is concentrated on B. Moreover, % is T-hyper invariant, and the 
Brown measure of P'x^T\r^i_ is concentrated on C \ B. In particular, if T G M has 
a Brown measure which is not concentrated on a singleton, then there exists a non- 
trivial, closed, T-hyperinvariant subspace. Furthermore, it is shown that for every 
T S M the limit A = \\mn^oo[{T'^)*T'^]^ exists in the strong operator topology 
and %T{B{{),r)) = l[o,r](^), > 0. 



1 Introduction 

Consider a von Neumann algebra M acting on the Hilbert space !K. A closed subspace 
of IK is said to be affiliated with M if the projection of IK onto Kq belongs to M. Kq 
is said to be non-trivial if Kq 7^ and Kq 7^ K. For T e M, a subspace Kq of K is said 
to be T -invariant^ if T(Ko) C Kq, i.e. if T and the projection P'ji^^ onto Kq satisfy 

Ko is said to be hyperinvariant for T (or T-hyperinvariant) if it is S'-invariant for every 
5* G 5(K) satisfying ST = TS. It is not hard to see that if Kq is hyperinvariant for 
T, then P^ G W*{T) = {T}". However, the converse statement does not hold true. In 
fact, one can find A G M^IC) and an A-invariant projection P G iy*(y4) which is not 
A-hyperinvariant (cf. [D]). 

The invariant subspace problem relative to M asks whether every operator T G M \ CI 
has a non-trivial invariant subspace Kq affiliated with M, and the hyperinvariant subspace 
problem asks whether one can always choose such an Kq to be hyperinvariant for T. 
Of course, if M is not a factor, then both of these questions may be answered in the 
affirmative. Also, if M is a factor of finite dimension, i.e. M = Mn{C) for some n G N, 
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then every operator T G M \ CI has a non-trivial eigenspace, and therefore C" has a 
non-trivial T-invariant subspace. In this paper we shall focus on the invariant subspace 
problem relative to a Ili-factor. 

Recall from [KR2t Section 8] that every Ili-factor M has a unique tracial state r, and r 
is faithful and normal. The Fuglede- Kadis on determinant, A : M ^ [0, cxd[, is given by 

A(T)=exp{r(log|T|)}, (T G M), (1.1) 

with exp{— oo} := (cf. [FuKaj ) . Also recall from [BrJ that for fixed T G M, the function 

A h^logA(T-Al) 

is subharmonic in C, and its Laplacian 

d/iT(Ai + iA2) := ;^V2logA[T- (Ai + iA2)l]dAidA2 (1.2) 

/TT 

(taken in the distribution sense) defines a probability measure /i-r on C, the Brown measure 
ofT, with supp(/iT) ^ (^{T). Note that if T G M is normal, then /i^ = r o Ex, where 
Ft ■ B(C) Proj(M) is the projection valued measure on (C, B(C)) in the spectral 
resolution of T: 

T = [ XdEriX). 

Ja(T) 

If M = M„(C) for some ri G N, then the Fuglede-Kadison determinant and the Brown 
measure are also defined for T G M, and in this case we have that 

A(T) = |detT|", 

and 

1 " 
n ^-^ 

i=l 

where Ai, . . . , A„ are the eigenvalues of T, repeated according to multiplicity. 



The main result of this paper is (cf. Theorem 17. ip : 

1.1 Main Theorem. Let M be a Ili-factor. Then for every T G M and every Borelset 
B C C there is a largest closed, T-invariant subspace, % = %t{B), afhliated with M, 
such that the Brown measure of T\x, ^j,t\xj concentrated on B^ Moreover, X is 
hyperinvariant for T, and if P = Pt{B) G M denotes the projection onto %, then 

(i) r(P)=M5), 

(a) the Brown measure of P^TP^, considered as an element of P^lVlP^, is concentrated 
onC\B. 

^If % = {0}, then we define IJ.t\x •= 0- If 3C 7^ {0}, then ij.t\x is computed relative to the Ili-factor 
PM.P, where P e M denotes the projection onto 3C. 
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It is then easily seen that if T G M, and if /iy is not a Dirac measure, then T has a 
non-trivial hyperinvariant subspace (cf. Corollary 17. 2p . 

A Ill-factor M on a separable Hilbert space is said to have the embedding property, if it 
embeds in the ultrapower Dl'^ of the hyperfinite Ili-factor "Jl for some free ultrafilter u on 
N. In 1976 Connes (cf. [Coj ) raised the question whether every Ili-factor on a separable 
Hilbert space has the embedding property. This problem remains unsolved. 

In his unpublished lecture notes |H1] from MSRI 2001 (see also |H2] ) . the first author 
proved our Main Theorem in the special case where M has the embedding property. The 
contents of sections 2 and 3 are by and large taken from |Hlj . but for the rest of the paper, 
we resort to a completely different line of proof in order to treat the general case. Our 
proof is based on free probability theory (cf. sections 4 and 5) and the Turpin-Waelbroek 
method of integration in quasinormed spaces (cf. section 6). 

The construction of the spectral subspaces "XxiB) referred to in the Main Theorem is 
carried out in several steps. In section 3 we introduce the closed T-hyper invariant sub- 
spaces E(T,r) and F(T,r) in the following way: E(T,r) is defined as the set of vectors 
^ e J{, for which there is a sequence {^n)'^=i in 3^ such that 

lim =0 and limsup ||(T - Al)"^„|| - < r, 

^ n — >oo 

and F(T,r) is defined as the set of vectors r] & J-C, for which there is a sequence (?7„)^i 
in "K such that 

lim II (T — Al)"'r7„ — r^ll = and limsup ||r7„|| " < -. 

In section 7 we combine the results of sections 2 through 6 and prove that with 

DCT(5(0,r)) := E(T, r), r > 0, 

and 

XTiC\B{0,r)) := F{T,r), r > 0, 

D<!t(-B(0, r)) {%t{C \ 5(0, r)), resp.) satisfies the conditions listed in our Main Theorem 
in the case B = 5(0, r) {B = C\ B{0, r), resp.). 

Then for a closed subset F of C, F 7^ C, we write C \ F as a countable union of open 
balls: 

00 

C\F= |j5(A„,rO, 

n=l 

and we prove that the subspace 

%t{F) := f|F(T-A„l,r„) 

neN 

has the properties mentioned in Theorem 11.11 
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Finally, for arbitrary B G B(C) we show that 

Xt{B) := U Xt{K) 

KCB, K compact 

does the job for us. 



We now describe the contents of the rest of the paper. The main result of section 2 
is that for T in the Ili-factor M, the push-forward measure of /i(r*)"T" under the map 
t t— > converges weakly (as n —>■ oo) to the measure u e Prob([0, oo[) which is uniquely 
determined by 

In section 3 we define for T G M and r > the T-hyperinvariant subspaces E{T,r) and 
F{T, r) mentioned above, and we explore some of their properties. We shall see that these 
subspaces seem to be good candidates for the desired T-invariant subspaces %T{B{^,r)) 
and IKt(C \ 5(0, r)), respectively. However, in order to prove that E{T,r) and F{T,r) 
fulfill the requirements listed in Theorem ll.il some more work has to be done. 

We begin by considering the case r = 1 and assume that fiT{dB{0, 1)) = 0. The idea of 
proof is the following: If cr{T) fl dB{0, 1) = 0, then one can always define an idempotent 
e G M by 

e = ^J (AI-T)-MA (1.3) 

JdB{0,l) 

- as a Banach space valued integral in M. Then it is a fact that the range projection p of 
e is T-invariant with 

a(T|p(:K)) CS(0,1) and or((l - p)r|p(:K)x) C C \ fi(0, 1). 

Hence, the Brown measure of r|p(:K) and (1 — j9)T|p(^)± are concentrated on B{0, 1) and 
C \ B{0, 1), respectively. 

However, in general one can not make sense of the integral in (11.31) . but this can be 
remedied by adding a small perturbation to T. We consider M as a subfactor of the 
Ill-factor IN" = M * L(F4) (with a tracial state which we also denote by r), and we note 
that 'N contains a circular system {x, y} which is *-free from M. Moreover, we can define 
the unbounded operator z = xy~^ which by [HSj Theorem 5.2] belongs to L^(!N", r) for 
< j9 < 1. We will consider the perturbations of T given by 

Tn = T + -z, neN. 
n 

Since T„ G L^(3Nf, r), < p < 1, it has a well-defined Fuglede-Kadison determinant 
A(T„) and a well-defined Brown measure /xt„ (cf. |Br[ Appendix] or |HSl Section 2]). In 
section 4 we will prove that 

A(T„) = A(T*T+^1)5 
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and that 

f^Tn ^ f^T as n — > oo 
in the weak topology on Prob(C). 

In 1968, Turpin and Waelbroek introduced an approach to vector valued integration in 
quasinormed spaces such as Lp(K, r), < p < 1 (cf. [TuWa] . [Waj . |Ka] ) . In particular, 
one can define the integral 

fb 

f{x) dx 



for every function / : [a, b] —>■ Lp(!N", r) which satisfies the Holder condition 

\\f{x)-f{y%<C\x-yr 

with exponent a > ^ — 1 (cf. section 10 for a selfcontained proof). Based on results 
from sections 5 and 6, we prove in section 7 that (Al — T„)"^ G L^(!N, r) for A G C and 
< p < 1. Moreover, if < p < |, then 

||(A1 - T„)-^ - ifil - T„)-'\\p < Cp,„|A - /i| 

for some constant Cp^„ > 0. It follows that he integral 

en = 7^ [ (Al-r„)-MA 

JdB(OA) 



makes sense as a Turpin- Waelbroek integral in L^(!N", r) for ^ < p < |. Let P„ denote 
the range projection of e„. Then 

(i) PnTnPn T^P-ny 



(ii) supp(/iT„|p„(„)) C 5(0,1) 

(iii) supp(/ipx^„|^^^^^JCC\i?(0,l) 

(cf. Theorem 17. 3p . Then we take a free ultrafilter on N and define P G Jsf^ to be the 
image of (-Pn)^i under the quotient mapping p : £°°(!N) INf^. Using (i), (ii) and (iii), 
one can prove that P is T- invariant. 



,(P)=/iT(fi(0,l)), 



SUpp(/iT|p(5,)) ^ 5(0, 1), 

and 

SUpp(/i(i_P)T|^(„j^) C C \ 5(0, 1). 

We then prove that P = Pe{t,i) (cf. Lemma !?. 16p . and thus the T-hyperinvariant subspace 
E{T, 1) has the desired properties. The last part of section 7 takes care of a general Borel 
set 5 C C, as was outlined above. 
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In section 8 we realize the E{T, r) and F{T, r) as spectral projections of the positive oper- 
ators 50-lim„^oo((T*)"T")2k and 50-lim„^oo(T"(T*)") 2^, respectively. In particular, 
we prove that these two limits actually exist for every T G M when M is a Ili-factor. 
There are examples of bounded operators on a Hilbert space which do not have this 
property (cf. Example 8.4). 

Finally, in section 9, we show that for operators T which are decomposable in the sense 
of |LN[ Section 1.2], our spectral subspaces %{T,F) for closed subsets F of C coincide 
with the subspaces in the spectral capacity of T. Moreover, we show that every Ili-factor 
contains a non-decomposable operator. 

Throughout this paper we assume that M is a Ili-factor. However, our main results can 
easily be generalized to the case where M is a finite von Neumann algebra with a specified 
normal faithful trace r. Indeed, such a von Neumann algebra M can be embedded into a 
Ill-factor N in such a way that the restriction of tj^ to M agrees with r (cf. |HWt Proof 
of Theorem 2.6]). 

2 Some results on the Brown measure of a bounded 
operator 

Consider a Ili-factor M with faithful tracial state r. As was mentioned in the introduction, 
one can associate to every T G M a probability measure fix on C, the Brown measure of 
T. 

2.1 Remark. (i) Note that if T G M, and if A G M is invertible, then fij- = Hata-^- 

(ii) According to [Br], we have the following generalization of Weil's Theorem: For 
T G M and < p < 00, 

/ |Ard/iT(A)< ||T||^:=r(|Tn (2.1) 

Fack and Kosaki (cf. |FKj ) proved the generalized Holder inequality 

||5T||,< II^IIpIITII,, iS,TeM), (2.2) 

which holds for all < p, g, r < 00 with ^ = ^ + ^- As a consequence of fl2.ll) and (12.21) 
we have (cf. [Br]): 

< ||T||;j, (TgM, p>0). (2.3) 

The main result of this section is 

2.2 Theorem. Let T G M, and for n G N, let fin ^ Prob([0, 00 [) denote the distribution 
of (T"yT"- w.r.t. T, and let z/„ denote the push-forward measure of fj,n under the map 
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t tn . Moreover, let u denote the push-forward measure of (Xt under the map z i— \z\ , 
i.e. u is determined by 



z/([0,t^])=/iT(5(0,t)), (t>0). 
Then z/„, — »• i/ weakly in Prob([0, oo[). 

We will obtain Theorem 12.21 as a consequence of 

2.3 Theorem. Let T G M. Then there is a sequence (A^)^^ in Mmv, such that 
(i) \\AkTA-^^\\ < \\T\\ for all keN, 

(a) AkTA^^ converges in *-distribution to a normal operator N in an ultrapower of M, 
M'^, with fi]\f = fix- 
Before proving Theorem 12.31 we state and prove some of its additional consequences: 

2.4 Corollary. For every T G M and every p > 0, 

[ dfixiX) = inf \\ATA-^\\P. (2.4) 

Proof. According to Remark 12.11 (i) and (12.11) . 

/ |Ard/iT(A)< inf \\ATA-X- 

To see that > holds in (12.41) . take (Afc)^j^ as in Theorem 12. 3[ Then /i(Aj.TA^^)*AftTA^^ 
Hn*n in moments, and since all of the measures {fJ'(^AkTA^'^y AkTA';:'^)T=i supported on 
[0, ||T||^], this implies weak convergence. In particular, 



oo 







oo 







|A|Pd/ijv(A) 
|Ard/iT(A), 



c 



c 

proving that > holds in (12. 4p . ■ 

2.5 Theorem. For every T G M and every p > 0, 

\X\PdfiT{X) = lim ||r"|||. (2.5) 



Proof. According to [Br], /z^n is the push-forward measure of /ir under the map z i— > z'^. 
Hence by (!^ . for all n G N, 



|A|Pd/iT(A)= / |A|" d/iT"(A) < ||T"||2. (2.6) 
Jc 

Let e > 0. It follows from (12.41) that we may choose A G Minv, such that 

\\ATA-X< I W^liT{\)+e. 
Jc 

With S = ATA-^ we then have (cf. (jSJl)) that 

\\s^l < \\s\\; 

n 

< I |A|^'d/iT(A)+e. 



Since = A ^S^A, the generalized Holder inequality (12.21) implies that 

n n 

Thus, 

||T"||| < j |A|Pd/iT(A) 

and it follows that 

limsup||T"||| < [ \X\PdfiT{X)+e. (2.7) 
Combining (12.61) and (12. 7p we find that 

[ |A|Pd/xr(A) <liminf ||T"||| <limsup||r"||| < [ |A|Pd/XT(A), 

and the theorem follows. ■ 

2.6 Corollary. For T G M define r'{T), tie modified spectral radius ofT, by 

r'{T) := max{|A| | A G supp(/iT)}- 

Tlien ^ 

r\T) = lim ( lim \\T''\\{). (2.8) 

Proof. r'{T) is the essential supremum (w.r.t. ht) of the map A ^ |A|. Hence, 



r'(T) = lim ( / |A|Pd/iT(A))'. 



Now apply Theorem 12.51 



(2.9) 



Proof of Theorem \2.3[ If A : [0, oo[— > Mjnv is a differentiable map, define X : [0, oo[— > M 
by 

X{t) = A{t)TA{t)-\ {t > 0). 

Note that 

^A{t)-' = -A{t)-'A'{t)A{t)-\ 
Hence, X is differentiable with 

= A'{t)TA{t)-' + A{t)T^^A{t)-' 

= [A\t)A{t)-\X{t)]. 

We wiU choose A{t) to be the solution of the differential equation 

A'{t) = B{t)A{t) , t > 
AiO) = 1 

for a suitable function B : [0, oo[^ Msa, chosen in such a way that the identity 

^^X{t) = [B{t),X{t)] 

implies that t i-^ ||X(t)||^ is decreasing for all p G N. At first we consider the case p = 2: 
^II^WIl2 = ^r(X(t)*X(t)) 

= Tmt),x{t)]*x{t) + x{tr m),x{t)]) 
= 2T{B{t){x{t)x{tr-x{trx{t))). 

Hence, if B{t) = [X{t)* , X{t)], then 

^||X(t)||H-2||[X(t),X(tr]||^<0. 

Therefore, in the following we will try to solve the differential equation 

X'(t) = [[X(t)*,X(t)],X(t)] , t>0 
X{0) = T 



(2.10) 



(2.11) 



and then solve 

/ A'it) = [Xity,Xit)]A{t) , t>0 
I ^(0) = 1. 

We are going to apply [Ll Chapter 14, Theorem 3.1] to fl2.10p . Assuming that T 7^ 0, set 
U = 5(0,2||T||) C M, and let 

f{x) = [[x*,x],x], xeM. 

For fixed X G M, /'(X) is a bounded operator on M given by 

/'(X) : H ^ [[H*,X],X] + [[X*,H],X] + [[X*,X],H]. 
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For X eU, 



||/'(X)||<12(2||r||)2 = 48||T|p. 



Hence, K = 48||T|p is a Lipschitz constant for f\u- ||/(X)|| is bounded on U by 

L = 4(2||T||)3 = 32||Tf . 



With a = i||T||, B2aiT) C IX. Set 



6o = min^l I 



mm 



1 



.48||TP' 96||T||2i' 

Then by [Ll Chapter 14, Theorem 3.1], for all b G (0, bo) there is a unique solution to 

X'{t) = f{X{t)) 
X(0) = T 

defined on the interval {~b,b). In particular, such a solution exists and is unique on 
0, 



11^11= 



where c = Next, with B = [X*,X] we get that for every p G N, 
d 



riixityxm 



dt 



pr[-{xitrxit)){xitrxit)r' 



pT{[2X{tyB{t)x{t) - B{t)x{t)*x{t) - x{tyx{t)B{t)]{x{tyx{t)f-^] 

2pT{Bmxit)xityY - ix{tyx{t)r]) 

2pTi[xityxit) - xit)x{ty][ixit)xityr - (xityxitm). 



For fixed t G 



0, 



II^IP 



there is a unique compactly supported probability measure fit on 



[0, cx)[x [0, oo[, such that for all f,g G C([0, oo[). 



T{f{X{tyX{t))g{X{t)X{ty)) = / f{u)g{v) dfitiu, v) 

'[0,oo[x[0,oo[ 



(cf. \Coi Proposition 1.1]). In particular, 
d 



dt 



I^WIl| = 2p 



{u-v){vP -uP) dfit{u,v) < 0, 



(2.12) 



[0,oo[x[0,oo[ 



and it follows that t ]|X(t)||p is decreasing for all p G N. Thus, also t \\X 
limp^oo I -^(^)||p is decreasing. We can therefore extend the solution to (12.101) to the 
interval jj^, p|2 , and repeating the argument, we find that (12.101) has a solution defined 
on all of [0,oo[ and satisfying ||X(t)|| < ||T||, t > 0. Then with B{t) = [X{ty,X{t)] we 
have 

\\B{t)\\ <2\\Tf, t>0. (2.13) 
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In order to solve fl2.1ip . we apply the method of proof of [Lj, Chap. 14, Theorem 3.1] and 
define (y4„(t))^Q recursively by 

Aoit) = 1, t>0, 

Anit) = 1+1 B{t')An-i{t')dt', t>0. 

^0 

By induction on n, we find that 

i2\\TPfY 
n\ 

Hence, 

oo 

1 + ^ \\An{t) - An-l{t)\\ < e^ll'^ll'* < OO, 
n=l 

and it follows that the limit 

A(t) = lim An{t) 

n— >oo 

exists for all t > 0. Moreover, the convergence is uniform on compact subsets of [0, oo[. 
Therefore, 

A{t) = 1 + / B{t')A{t') dt', t > 0, 
Jo 

showing that A{t) is a solution to (12.111) . By a similar argument, the problem 

C'it) = ~C{t)B{t) , t>0, 

C{0) = 1 ^ ' 

has a solution defined on [0, oo). Moreover, 

f^{C{t)A{t))=C'{t)A{t) + C{t)A'{t)=0, 

which implies that C{t)A{t) = 1, t > 0. Hence, A{t) is invertible with inverse C{t) for all 
t > 0. Now, observe that both X{t) and A{t)TA{t)~^ are solutions to the problem 

Y'it) = [Bit),Yit)] , t>0, 

r(o)=T. ^ ^> 

Then by [Ll Chap. 14, Theorem 3.3], X(t) = A{t)TA{ty^ for all t > 0. That is, A{t), 
B(t) and X{t) have all the properties we were asking for in the beginning of this proof. 

Note that the map p-t^, t E [0, oo[, extends to a map from C^([0, oo[) into C([0, oo[) 
given by 

(j){t) ^ t ■ (j)'{t). 

Let G C^([0, oo[). Choosing a sequence of polynomials (p„)^i, such that Pn ^ (p and 
p'^ 0' uniformly on [0, ||T||^], we get from (12.121) that 



dt 



^T{(f){X{tyX{t))) = -2 I {u-v){u(l)'{u) -v(f)'{v))dfitiu,v). (2.16) 

[0,oo[x[0,oo[ 
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We shall need this identity later on. 

Next we prove that as t ^ oo, X{t) converges in *-moments to a normal operator A^. 
Recall that 

^^\\X{t)\\l = -2\\[X{tr,Xml (2.1T) 

Moreover, 

x'{t) = [[x{ty,x{t)],x{t)] = x(tyx{tf - 2X{t)x{tyx{t) + xitfxity. (2.18) 

Since t{Y[Z, W]) = t{Z[W, Y]) = t{W[Y, Z]), we have that 

j^\\[x{ty,xml = 2r{[x{ty,x{t)]-^^[x{ty,x{t)i 



= 2T[[x{ty, x{t)] ([x'ity, x{t)] + [x{ty, x'{t)]^ 

= 2 r{x'{ty [x(t), [x{ty,x{tm + 2 r{x'{t) [[x{ty, x{t)],x{ty]) 
= -2 r{x'{ty [[x{ty,x{t)],xm - 2 r{x'{t) [x{ty, [x{ty, x{tm 

= -M\X\t)\\l (2.19) 
Hence, t h- *• || ^ is decreasing, and it follows that for all t > 0, 

\\[x{ty,xmi<^- 1^ \\[x{uy,x{u)]\\ldu, 

so by dnZD, 

\\[xity,xm\i < ^(ii^(o)ii2 - umi) < ^nii 

This shows that 

lim||[X(tr,X(t)]l|^ = 0. (2.20) 

t— >oo 

According to (12.121) . t H-i> ||X(i(:)||2p is decreasing for every p G N. Therefore, 

hm T{{x{tyx{t)y) 

exists for every p G N. Combining this with (I2.20p and the fact that ||X(t)||oo < \\T\\ 
for every t > 0, we get that the trace of any monomial in X{t) and X{ty with the same 
number of X(t)'s and X(t)*'s also converges as t ^ oo. To prove that this holds for any 
monomial, it is, because of (12.201) . sufficient to show that for all m, ri G No, the limit 

lim r((X(t)*)™X(t)") (2.21) 

t~*oo 

exists. To see this, note that for every A G C, X{t) — XI satisfies the same differential 
equation as X{t), because 

^(x(t)-Ai) = [[x{ty,x{t)],x{t)] 

= [[x{ty -xi,x{t)-xi],x{t)-xi]. 
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Hence, according to the above, the hmit 

hm T((X(t)* - Al)"(X(t) - Al)") (2.22) 

t— >oo 

exists for all n G N. Expanding r((X(t)* — Al)"(X(t) — Al)") in powers of A and A, it is 
readily seen that the limit fl2.2ip exists. Hence, {X{t))t>o converges in ^-moments to an 
operator (A^ may be realized in the ultrapower M"^ of M). According to (12.201) . A^ is 
normal. 

In order to show that fiN = fJ'T, it suffices to show that 

A(T-Al) = A(A^-Al), (AgC). (2.23) 

At first we consider the case A = 0. Since X{t) = A{t)TA{t)-\ A(T) = A(X(t)) for all 
t > 0. Hence, 

logA(T) = logA(X(t)) 

= inf{ir(log(X(t)*X(t)+el))}. (2.24) 

Applying now f l2.16p to 0(m) = log('U + e), -u > 0, we get that 

-r(log(X(t)*X(t)+el)) = -2 / / iu-v)(— — ) d/i,(w)d/ii(t;) < 0. (2.25) 

at Jo Jo \u + e v + e/ 

Now, according to fl2.24p . 

logA(T) = infirif{lr(log(X(t)*X(t)+el))| 
= infinf{ir(log(X(t)*X(t)+5l))} 

e>0 t>0 L / J 

= inf hm {^r(log(X(t)*X(t)+el))}, 

e>0 t^co K Z J 

where the last identity follows from fl2.25p . But X{t)*X(t) converges in moments to 
N*N, and since sup^^g < ^5 it follows from the Weierstrass approximation 

theorem that 

V G C([0, oo[) : lim r(0(X(t)*X(t))) = r^(0(X*X)), (2.26) 
where denotes the tracial state on M"^. Hence, 

log A(T) = inf |^r(log(X*X + el))} = log A(X). 

e>0 12 J 

The same arguments apply to X{t) — Al, and we obtain that 

logA(T-Al) = logA(X-Al), (AgC). 
Hence, ht = fJ'N- Theorem 12.31 now follows by taking Ak = A{k), k ■ 
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Proof of Theorem \2/A Let p G [0, oc[. Then, according to Theorem 12.51 

/•oo n 

/ tidz/(t) = / |A|Pd/iT(A) 



lim llT'^lli 

n^oo n 



= lim r(((r")*r'^)^; 

/■oo 

= lim / d/i„(t) 



oo 



lim / t2 dz/„(t). 



In particular, z/„ — > z/ in moments. Since ||(T")*T"|| < llTp"" and supp(/ir) ^ -8(0, ||T||), 
z/ and the Vn are all supported on [0, Hence, z/„ ^ weakly. ■ 

2.7 Corollary. Let T G M. Ties /iy = and only if ((T")*T")^ tends to in the 
strong operator topology as n — > oo. 

Proof. If /i]- = 5o? then with the same notation as in Theorem 12.21 z/„ — > 6o weakly as 
n — s> oo. In particular, 

lim / t^dunit) = 0, 



n— >oo 



I.e. 

lim r([(r'^)*r"]^) = 0. 

n— >oo 

It follows that for every vector ^ in the dense subspace M of L^(M, r), 

||[(r")*T"]^eil2 = r([(T")*r"]^er) 

< ii[(n*T"]^ii2iiaii2 

^ 0, 

and hence, ((T")*T"')" tends to in the strong operator topology as n ^ oo. On the 
other hand, if ((T")*T")n strongly, then ((T")*T")S ^ strongly for every p G N. 
Hence, with ^ = 1 G M C ^^(M, r), 

r([(T")*T"]^) = ||[(T'^)*T"]"^||2 ^ 

as n — > oo for every p G N, i.e. 



lim 

n— >oo 



/ tPdz/„(t)=0, (pGN). 
Jo 



It follows then from the Weierstrass approximation theorem that Un —>■ Sq weakly as 
n — >• oo. That is, ^ = 60, and therefore /it = as well. ■ 
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3 Constructing certain hyper invariant subspaces 

Consider a Ili-factor M acting on the Hilbert space 3-C and with faithful, tracial state r. 

3.1 Definition. (i) For T e M and r > 0, let E{T,r) denote the set of { e J{, for 
which there exists a sequence (Cn)^i in such that 

lim - Cll = and limsup ||T"^n||" < r. (3.1) 

(ii) For T e M and r > 0, let F{T, r) denote the set oi r] E "K, for which there exists a 
sequence {r]n)'^=i in "K, such that 

lim ||T"77„ — 77II = and limsup ||7;„||" < -. (3.2) 



3.2 Lemma. For T eM and r > one has: 

(a) E{T, r) and F{T, r) are closed subspaces of !K. 

(b) r ^ E{T, r) is increasing, and E{T, r) = f]^^^ E{T, s). 
r I— i> F{T, r) is decreasing, and F(T, r) = no<s<r -^(^' 

(c) E(T,r) and F{T,r) are hyperinvariant for T, i.e. for every S e {T}' , S{E[T,r)) C 
E{T,r), and S{F{T,r)) C F(T,r). 

(d) The projections P{T,r) and Q{T,r) onto E{T,r) and F(T,r), respectively, belong 
to W*{T), and they are independent of the particular representation of on a 
Hilbert space. 

Proof, (a) It is easily seen that E{T,r) and F{T,r) are subspaces of "K. To see that 
E{T,r) is closed, suppose (^^'^^)^i is a sequence in E{T,r) converging to some ^ G !K. 
We prove that ^ belongs to E(T, r) as well. For each k E N there is a sequence {^n^)'^=i 
in 3-C, such that 

hm 11^^^=) - 11 = and lim sup || " < r. 

Choose a (strictly) increasing sequence of positive integers (n^)^^ such that for all k 

lief -e^'^ll<p in>n,), (3.3) 

and 

||T"ei')||^ <r+p(n>n,). (3.4) 
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Then define a sequence in !K by 



Then 



and 



It follows that 
and 



.0 , n < nfe for all 
U = S Jk) , ^ (3.5) 

4n , nk<n< rik+i 



\\in-i''\\<^, {nk<n<nk+i), 



e = lim e^'^) = lim a, 

K — >oo n — ^■oo 



limsup||T''^„||" < r. 



Thus, ^ G E(T,r). Modifying the above arguments a bit, one easily sees that F{T,r) is 
closed as well. 

(b) Clearly, r f— > E{T,r) is increasing, and therefore 

E{T,r)cf]E{T,s). 

s>r 

To see that the reverse inclusion holds, let ^ G f]^^^ -E'(T, s). For each G N take a 
sequence (^i'^'')^i in J{, such that 

lim Ui^^ - eil = and lim sup ||T"^i'')||^ < ^ + Z- 

As in the above, choose a (strictly) increasing sequence of positive integers (nfc)^^ such 
that for all k E N, (13.31) and (13.41) hold. Let be given by (13.51) . and as in the proof of 
(a), note that {C,n)'^=i satisfies (13. ip . i.e. ^ G E(T,r). 

The second statement in (b) is proved in a similar way. 

(c) This follows immediately from the definition of E{T,r) and F{T,r) and the fact that 
when ST = TS, then ^T" = T''S. 

(d) Since E{T,r) and F{T,r) are hyperinvariant for T, P{T,r) and Q{T,r) belong to 
W*{T) = {T,T*}". The independence of the representation of M follows exactly as in 
[DHII Lemma 2.3 and 2.4]. ■ 



3.3 Remark. If T G M is invertible, then E{T,r) = F{T-^, i). Indeed "C" follows by 
choosing {^n)'^=i as in Definition 13.11 (i) and setting rjn = Then (13.21) holds for 

?7 = ^ and with T replaced by and r replaced by -. The reverse inclusion follows by 
choosing {rin)'^=i as in Definition 13.11 (ii) (with T replaced by T^^ and r replaced by ^) 
and setting = T~"-rin- 
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3.4 Lemma. Let T G M, and let r > 0. Then 



(i) supp(/iT) C 5(0, r) iffE{T,r) = J{. 

(ii) supp(/iT) C C \ 5(0, r) iff F(T, r) = :K. 

Proof. According to Lemma 13.21 (d) we may assume that M acts on the Hilbert space 
= L^(M, r). For a G M we let [a] denote the corresponding element in "K. 

Throughout the proof we let /i„ = Hij-nyxn = and we let Un denote the push- 

forward measure of /i„ under the map t ^ . Then, according to Theorem \2.2\ z/„ — > z/ 
weakly in Prob([0, C)o[), where v is determined by 



(i) Suppose that supp(/ij') C 5(0, r). Consider a fixed s> r. Since supp(/iT) C 5(0, r), 
z/ is supported on [0,r^], 

/i„(]s^", oo[) = /i„(]s^, oo[) ^ as n ^ cxD. 

Define a sequence of projections in M, (5^)^^, by 

En = l[0,s2"]((^"')*^")- 

Note that for all a G M, 

||(l-5„)[a]||2 = r(a*(l-5„)a) 
< ||a||V(l-50 
= ||a||V(]^'",oo[) 
— i> as n — > oo. 

Since {[a] | a G M} is dense in IK, this shows that 5„ ^ 1 in the strong operator topology, 
i.e. for all ^ G IK, 

lim \\Eni-i\\ =0. 

n— >oo 

Moreover, since En{T'')*T'' E^ < s^"!, 

i\\T''E„,a)'<{\\T"Ejmfn<sUfn 

for all ^ G IK, and hence E{T,s) = IK. Since s > r was arbitrary. Lemma [3.21 (b) now 
implies that E{T,r) = IK. 

Next assume that E(T,r) = IK. Let ^ = [1] G IK, and take a sequence (^n)^i in ^ such 
that 

lim — ,^11 = and lim sup ||T",^„,||" < r. 

Since \\^\\ = 1 as n oo, we may as well assume that ||^„|| = 1 for all G N. Let 

G Prob([0, oo[) denote the distribution of (T"')*T" w.r.t. the vector state x {x^n, ^n)- 
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Let s > r, and take Si G (r, s). Then ||T"^„|| < eventually as n — > oo. Hence for all 
large n, 

poo 

/ td/x;(t) = ((n*r"en,en)<5r, 

and therefore 

/.u]5^oo[)<5-2" / td/.;(t)<(^) . 

7^271 \ S / 

It follows that with = l[o,s2n]((r")*r") as before, 
for all large n e N, and hence 

lim WE^^n - = 0. 

n^oo 

Since ^„ — >• ^ as n — >• oo, it follows that 

lim \\EnCn - ell = 
n— »oo 

as well. That is, 

t(1-K) = ||(l-S„)eir ^Oasn^oo, 
which is equivalent to saying that 

oo[) ^ as n — > oo. 
We now have that for every (p € with supp(0) oo[, 

/•oo poo 

/ (/)(t)dz/(t) = lim / (f){t)dun{t) 
Jo io 

= < ||0||oolinisupi/„(]s^oo[) 
= 0. 



Hence, supp(z/) C [0,s^], i.e. supp(/ir) ^ -8(0, s) for all s > r, and we conclude that 
supp(//r) ^ S(0,r). 

(ii) At first assume that supp(//t) ^ C \ S(0, r). Let < s < r, and define F„ e M by 

i^n=l[.-oo[(T"(n*)- 

By an argument similar to the one given in the proof of (i), we find that for all ^ e IK, 

l|i"ne-C|| ^Oasn^oo. 
Now, consider a fixed ^ e and with 

, 0<i<s2" 
18 



9n{t) 



let 

Then, since t gn{t) = l[s2n,oo[(^), 
Thus, 

\\T"'r]n — .^11 ^ asn oo. 
Moreover, since t gnit)"^ = gn{t) < 



Thus, 

hmsup ll^^rill " < 



5 

1 . 1 



n— +00 



S 

and this shows that -F(T, s) = !K. It now follows from Lemma [X^ (b) that F{T, r) = J{. 



oo 



On the other hand, suppose that F{T, r) = J{, and let ^ = [1]. Choose a sequence (r/, 
in J{ such that ^ 

lim \\T^rin ~ 'Cll = and limsup ||?7„||" < -. 
Since ||^|| = 1, we may assume that ||T"r7„|| = 1 for all n G N. 

Put = T'^Vn, and let jj,'^ G Prob([0,oo[) denote the distribution of T"(T")* w.r.t. the 
vector state x h- >■ {x^n,^n)- Since for every e > 0, 



we have that 



||(T"(T")* +el)-2T"|| < 1, 

/ Td/xU^) = sup / — -d/i'„(t) 

= sup||(T"(T")*+£l)-^af 



e>0 

= sup||(r"(T")*+£l)-5TVf 

e>0 

Now, let s G (0,r), and choose Si G (s,r). Then ||?7n||" < ^ eventually as n — > oo, and 
hence 

/ -d/i'„(t)<-, 

eventually as n — > oo. With F„ = l[s2n oo[(T"(T")*) as above we then have that 



^ ii-T 

— > as n ^ oo. 
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Since — ^ ^, it follows that 

\\l-FJl=U-F„,^f ^Oasn^oo, 

i.e. 

lim z/„([0,s[) = lim /i„([0,s2«[) =0. 

n— >oo n^oo 

Since z/„ — > i/ weakly, it follows that supp(i/) C [s^, oo[, and hence supp(/iT) C C \ 5(0, s) 
for all s G (0,r). We thus conclude that supp(/iT) ^ C \ 5(0, r). ■ 

3.5 Corollary. Let T e M, let X e C, and let r > 0. Then 

(a) If E is any closed, T-invariant subspace afRliated with M, such that supp^fiTis) — 
B{X,r), then E C E{T - Al, r). 

(b) If F is any closed, T-invahant subspace affiliated with M, such that supp(/iT|^) C 
C\B{\,r), then F C F{T - \l,r). 

Proof, (a) Suppose that E is a closed, T-invariant subspace affiliated with M, such that 
supp{^t\e) ^ B{\,r). Then E is invariant for T — Al as well, and 



supp(/iT-Ai|B) C 5(0, r). 
According to Lemma 13. 4[ this implies that 

E{T-Xl\E,r)=E. 
It is easily seen that E{T — X1\e, r) C E{T — Al, r), and hence, 

E C 5(T- Al,r). 

(b) follows in a similar way, so we leave out the proof of it. ■ 

3.6 Lemma. For T e M and s > r > one has that E{T, r) ± F{T*, s). 

Proof. Let ^ G E(T,r), and rj G F(T*,s). Take sequences (^n)5^Li and (77^)5^1 in IK, such 
that e„ ^ e, {TTVn ^ r/, 

lim sup ||T"^„|| < r, 

n— >oo 

and ^ 

lim sup \\rin\\ < -• 

n— >oo -S 
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Choose positive numbers r' and s' such that s > s' > r' > r. Eventually as n — oo, 
WT'^inW < {r'T and ||r7„|| < jjy, whence 

|(e,r^)| = hm i(e„,(T*yv)i 

n— >oo 

= hm |(T"a,r7„)l 

n— >oo 

< limsup ||T''^„||||r/„|| 

71— >00 
1 f^' 

< lim sup ( — 
= 0. 

That is, ^±r/. ■ 



4 Some results from free probability theory 

In order to proceed, we will need a number of results which are based on free probability 
theory. Recall from |VDN] that a C*-probability space is a pair {A, (p) where ^1 is a unital 
C*-algebra and is a state on A. We say that (^1, ip) is a H^*-probability space if is a 
von Neumann algebra and if is a normal state on A. 

Let IK be a Hilbert space. The full Foch-space over !K, T(CK), is the Hilbert space 

oo 
n=l 

where fi, the vacuum vector, is a unit vector in the one-dimensional Hilbert space Cf2. 
VL induces the vector state uj on B(7{'K)). 

To a given orthonormal set (ej)^^/ in % we associate the creation operators in 
B{7{:K)) given by 

ein = ei and = ® ^ G :K®". 

Then = %1 and 

,,(fm(f*\n\_l 1? ("^) = (0, 0), . . 

^ * ^ ^ \ 0, (m,n) G N2\{(0,0)}. ^ 

Moreover, the *-algebras Ai = alg(£j,£*), i G /, are free in S(T(?{)) w.r.t. (cf. |VDNj ). 

A family of creation operators obtained from an orthonormal set {ei)i^i as above 

is called a free family of creation operators. 

4.1 Lemma. Let {A,ip) be a C* -probability space, and let (sj)jg/ be operators in A 
which satisfy 

(i) s*Sj = 5ijl, i,j G /, 
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(ii) ^{s,s*) = o,iel. 

Then has the same *-distribution as a free family of creation operators 

Proof. Let Bj = alg(si, s*) CA,ieI. Since s*Si = 1, 

= span{sr(s*)"IKn)GN2}. (4.2) 
By (ii) and the Schwarz inequality 

\Lp{ab)\ < Lp{aa*)^Lp{b*b)^, a,b e A, 

we have that 

m( c'^( a*Y'-\ — /"'■' i^^^) — (0)0); ( A 'i\ 

<^l5^ l^J J - I 0, (m,n) gN2\{(0,0)}. ^^"^^ 

Let be the set of creation operators coming from an orthonormal set (ej)jg/ as 

described above. Then by (14. ip . £i and Sj have the same ^-distribution for all i E I. 
Hence, in order to show that the families {C,i)i^i and {si)i^i have the same ^-distributions, 
it suffices to show that (Sj)jg/ are free subalgebras in (^, ip). 

Put 

B° = {6gS,|¥;(6)=0}. 
It follows from (|12D and gSD that 

03° = span{s,(sn" | (m,n) G K \ {(0,0)}}. 

Thus, in order to prove that (Bj)jg7 are free, it suffices to show that 

^(C(4)"^c(4r---C(4r) = (4.4) 

for all A; G N, all (mi, ni), . . . (m^., n^) G Ng \ {(0, 0)} and all ii, . . . ,ik G / such that 

^1 7^ ^2 7^ ■ ■ ■ 7^ ik~l ^ ik- 

Given A; G N, (mi, ni), . . . (m^, rifc) G Nq \ {(0, 0)} and ii, . . . ,ik G / such that ii 7^ «2 7^ 
• ■ ■ 7^ ik-i 7^ ik, assume that 

^(C(4rc(4r ■ ■ ■C(4r'=) ^ 0- 

By (ii) and the Schwarz inequality, 

V?(as- ) = 0, a G yi, 2 G /. (4.5) 

Hence = 0, which implies that m^ 7^ 0. By (i), = 0, and therefore Uk-i must 

be zero. Then mfc_i 7^ 0, and continuing this way we find that rii = n2 = ■ ■ ■ = Uk = 0, 
mi, m2, . . . , m/c > 1 and 

However, by (14. Sp . (/^(s^a) = ip{a*s*) = for z G / and a G /l. Thus, since mi > 
1, V5(s^^s™^ ■ ■ ■ s™"*") = and we have reached a contradiction. This proves (14. 4p and 
completes the proof of the lemma. ■ 

Next we will apply the following result due to Shlyakhtenko: 
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4.2 Lemma. [3, Corollary 2.5] Let {A,(p) be a C* -probability space, "B C A a C*- 
subalgebra of A with 1 G B, and let ii, . . . , in ^ A. Suppose the following three conditions 
hold: 

(1) £i, . . . ,in have the same * -distribution w.r.t. (f as a free family of n creation oper- 
ators. 

(2) For all p,q > with p + q > 0, for all bi, . . . , bp, b[, . . . , b'^^i E B and for all 
l<ii,-- • , V, ji, ■■■,jq<n, 

¥^(&i4&2---V/*,&;---^*/,+i) = 0. 

(3) The GNS representation of C*(B, ii, . . . , in) associated with ip is faithful. 
Then the following two conditions are equivalent: 

(a) and C*{ii,. . . , in) are free in {A, ip) 

(b) i*bij = 5ijip{b)l forb eB, 1 <t,j <n 

Combining Lemma [4. II and Lemma [4.21 we get: 

4.3 Lemma. Let {A,ip) be a C* -probability space, C A a C* -subalgebra of A with 
1 E B, and let ii,...,in E A. Suppose the GNS representation of C*{B,ii, . . . ,in) 
associated to ip is faithful. 

(i) If the following two conditions hold: 

(al ) li, . . . ,in have the same * -distribution w.r.t. (p as a free family of n creation 
operators 

(a2) B and C*{ii, . . . , in) are free in {A, ip) 

Then the following two conditions also hold: 

(bl) i*bij = 5ijip{b)l forb eB,1 <i,j <n 
(b2) ip{b*iii*b) =0 forb eB, 1 <i <n 

(ii) Conversely, (bl) together with (b2) implies (al) and (a2). 

Proof, (i) Suppose (al) and (a2) hold. Then (1) and (a) in Lemma 14.21 are fulfilled. 
Moreover, by assumption, (3) in Lemma 14.21 also holds. We prove that (b2) holds: Let 
e = C*{ii,...,in) and let 

B° = {6 e B I ifib) = 0} and 6° = {c G C | ip{c) = 0}. 
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For 6 e S, let 6° = 6 - ^(6)1. Then for 1 < i < n, 

According to (al), <^(£»£*) = 0, that is lit^ e 6°. Moreover, 6°, (6*)° G 3° so by the 
freeness assumption (a2), 

This proves (b2). We will now show that (2) of Lemma 14.21 holds: By the Schwarz 
inequality and by (b2), 

ip{Mia) = 0, he's, a e A, (4.6) 

because 

\ip{Mia)\ < ip{bi,{bi,y)-^ip{a*a)-^ = 0. 
Moreover, by complex conjugation of (14.61) . it follows that 

ip{ai*b) = 0, bE'B,aeA. (4.7) 

This proves that (2) (in addition to (1), (3) and (a)) of Lemma 14.21 holds, and thus 
(bl) = (b) holds. This proves (i). 

(ii) Assume now that (bl) and (b2) hold. Then (b) of Lemma [4.21 holds. Moreover, by 
assumption, condition (3) of Lemma [4.21 holds. From the proof of (i) we know that (b2) 
implies (14.61) and (14.71) . and the latter two imply (2) of Lemma [4.2[ 

By (bl) and (b2), £i, . . . , satisfy the conditions in Lemma 14.11 Hence, (£i, . . . , £„) has 
the same *-distribution as a set of n free creation operators. This proves (al) as well as 
(1) in Lemma [^^ Thus, (1), (2), (3) and (b) of Lemma 14. 21 hold, and then by Lemma [^^ 
(a2) = (a) holds. This completes the proof of (ii). ■ 

Recall from [VDNj that when {Ai,ipi) and {A2,f2) are two iy*-probability spaces, one 
can define a reduced free product, 

{A,Lp) = {Ai,Lpi) * iA2,^2), 

which is a von Neumann algebra A realized on the free product of Hilbert spaces with 
distinguished unit vector, 

(IK, ^) = (CK<^-^,^<^J * (K<^2, .^,^2), 

where "Kip. with distinguished unit vector ^(^. is the GNS Hilbert space in the representation 
TT^. of yij. if is the vector state on A induced by the unit vector ^ G K which is cyclic 
for A. In particular, the GNS representation vr^ of A is one-to-one and can be identified 
with the inclusion map A ^ BCK). If tT;^^ and Tc^p^ are one-to-one, then Ai and A2 are 
naturally embedded in A as a free pair of subalgebras w.r.t. ip, and ipi = v^U^, i = 1,2. 
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Let v^) be a C*-probability space. Following the notation of [ Vlj (or |VDNj ). we 
say that Si, . . . , s„ in {A, ip) form a semicircular family in {A, ip) if Si, . . . , s„ are free 
self-adjoint elements with 

1 , 

J -2 

Elements xi, . . . ,Xn in (^1, ip) are said to form a circular family if there is a semicircular 
family (si, . . . , S2n) in {A, ip) such that 

Xj = ^ — 1 < ] < n. 

4.4 Proposition. Let (N, r) be a finite von Neumann algebra with a faithful, normal, 
tracial state r, and let M C !N be a von Neumann subalgebra of !N. Let n e N, and let 
u = G lX(iVf„(JV[)) . Moreover, suppose that ( circular family in 3Nf 

which is *-free from M. Tiieii witii ...,?/„ G 3\f given by 

n 

= ^ {^<i<n), (4.8) 

i=i 

{yi, . . . ,yn) is a circular family which is *-free from M. 
Proof. We may without loss of generality assume that 

y{ =M*W*{Xi,...,Xn). 

By jVlj (or [VDNj ). W*{xi, . . . , x„) = L(¥2n), the von Neumann algebra of the free group 
on 2n generators. Moreover, we can realize the circular family as follows: 

Take an orthonormal set Ci, e'^^, . . . , e„, in a Hilbert space CK, and let ii = £{ei) and 
= ^i^'i) be the corresponding creation operators on T(J{). Moreover, let u be the state 
on i?(T(J{)) given by the vacuum vector Q. Then 

Xi = ei + l<t<n, 

is a circular family in {B{7{^)),uj) and the restriction u' of u to W*{ 
faithful, normal, tracial state. Furthermore, Q is cyclic for W*{xi, . . . and we can 
therefore identify the GNS representation vr^/ with the inclusion map W*{xi, . . . 
i?(T(CK)). The GNS vector then corresponds to fl. Hence, the reduced free products 

{y{,T) = {M,T\M)*{W*{xu...,Xn),Uj') 

and 

(>[,<^) = (M,rU)*(5(T(?{)),o;) 
are both realized on the free product of Hilbert spaces, 

{^,0 = {l\m,t\m),i) * i^mM). 
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We may therefore regard !N as a subalgebra of !N such that (p\j^ = r. We will now apply 
Lemma lT^ (i) to = !N", S = M and the family of creation operators . . . , £[, . . . 
Since ^ is cyclic for X = H^*(M, ii, in, , O, the GNS representation of !N associ- 
ated to if is one-to-one, which implies that the GNS representation of the restriction of if 
to C*{M, ii, . . . , in, i'l, ■ ■ ■ , i'n) is also one— to— one. Hence, the assumptions of Lemma 14^3] 
and (al) and (a2) in Lemma are fulfilled. It then follows that (bl) and (b2) hold, that 
is 



(i) Va; G MVz,j G {l,...,n}: 



(ii) G MVi G {l,...,n}: 



{i[rxi', 



Sij ■ t{x)1, 
6ij ■ r(x)l, 
{i'^*xi, = 0. 



^{x*iii*x) = ip{x*i[{i[yx 



Put 

n 

Si = ^Ui,i^, {\<%<n) (4.9) 
i=i 

and 

n 

< = J2^'j<v (l<^<^)- (4-10) 

i=i 

Then 

= + (sO*, (l<2<r2). (4.11) 

We will now apply Lemma 14.31 (ii) to A = 'N, "B = M, and the family of operators 
(si, . . . , Sn, s[, . . . , s'^). Since u = (Mij)"j=i is unitary, 04.91) and fl4.10p imply that 

n 

i=l 

n 

i=l 

Hence, 

C*(M, si, . . . , s„, S]^, . . . , s„) = C*(M, ^1, . . . , £„, . . . , £„), 

and the conditions of Lemma are fulfilled by Si, . . . , s„, s'^^, . . . , s'„ as well. We will now 
make sure that (bl) and (b2) in Lemma F4. 31 are fulfilled, i.e. that 



(i') Vx G M Vi,j G {l,...,n}: 



s*xsj = 5ij ■ r(a;)l, 

[s'^*Xs'j = 6ij-T{x)l, 
S*Xs'j = {s[)*XSj = 0. 
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(ii') WxeM\/ze {l,...,n}: 

ip{x*SiS*x) = (p{x* s[{s^)* x) = 0. 

If (i') and (ii') hold, then according to Lemma (ii). (si, . . . , s„, s'^^, . . . , s'„) has the same 
*-distribution w.r.t. ip as free creation operators, and M and C*(si, . . . , s^, s'j^, . . . , s'„) are 
free in (X, (p). Hence, Ui = Si + (s^)*, 1 < i < is a circular family which is *-free from 
M. 

To prove (i') and (ii'), let x G M, and let 1 < i-, j < n. Then (i) implies that 

n 

* ^ /;* * n 

S^XSj — / ^ '-p^ip^'^jq^q 

p,q=l 

n 

= ^pMKpX'^jq)'i- 



p,q=l 



y^^ip{xUjp{u*)pi)l 

p=l 

if{x{uu*)ji)l 
6ij ■ t{x)1, 



and similarly. 

Moreover, according to (i). 



{s[)*xs'j = 6ij ■ r(x)l. 



p,q=l p,q=i 

and hence 

(Sj XSj = [SjX Si) = 0. 

This proves (i'). Next we prove that (ii') holds, making use of (i) and (ii): 
Let X eM. Then 

n 

ip{x*SiS*x) = Y vix*Uipipilu*gX), (4.12) 

p,q=l 

and 

n 

v{x*sUrx) = Y v{x*i'pU*p{Q*x). (4.13) 

p,q=l 

Since (ii) holds, we get, using the Schwarz inequality, that 

^{y*e,a)=y,{y*e,a)=0 (4.14) 

for y E M, a G IN" and 1 < i < n. Applying this to y = x*Uip and a = ipU*gX, we get, 
using fHl2l) . that 

(p{x*SiS*x) = 0. 
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Similarly, applying fl4.14p to y = x and a = u*pUig{i'g)*x, we get from fl4.13p that 

^ix*s[is'^*x) = 0. 

This proves (ii'). ■ 

Let M be a Ili-factor, and let T G M. We regard M as a subfactor of !N" = M*L(F4) with 
tracial state r, and we choose a circular system {x,y} that generates L{¥4) and which 
therefore is free from M. Then by |HSt Theorem 5.2], the unbounded operator z = xy~^ 
is in LP(K,r), < p < 1. Thus, for all a G (0,oo), T + az e LP(K,r), < p < 1, 
and therefore T + az has a well-defined Fuglede-Kadison determinant and a well-defined 
Brown measure (cf. [HSl Section 2]). 

4.5 Proposition. Let T G M, and let z = xy~^ as above. Then for each a > 0, 

A{T + az) = A{T*T + 0^1)^, (a > 0). (4.15) 

Proof. Take a unitary m G M such that T = u\T\, and for fixed a > put 

w = {T*T + a^iy^\T\y + au*x). 

Then 

T + az = u{T*T + a'^l)^wy-\ 

and hence 

A{T + az) = A{u)A{{T*T + aH)^)A{w)A{y~^) 
= A{T*T + aH)-2A{w)A{y)-\ 

It follows that if w is circular, then A{T + az) = A{T*T + a^l)^. To see that w is circular, 
define v G U(M2(M)) by 

(T*T + a2i)-||T| a{T*T + a^l)-^u* 
a(T*r + a2l)-3 -{T*T + a^l)-^T\u* 



and define x',y' E Mhy 



X \x 



Then, according to Proposition 14. 4^ {x',?/'} is a circular system (which is *-free from M). 
Since w = y', w is then circular, and hence A{w) = A{y). m 

4.6 Corollary. The Brown measure ofT + az is given by 

dfiT+a.{X) = -r((T(A)*T(A) + aH)-\T{X)T{Xr + a'l)-') dX, dA^, (4.16) 

71 

where Ai = ReA, A2 = ImA, and T{\) = T — Al. 
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Proof. By |HSt Definition 2.13] and Proposition 14. 5[ 

dfiT+az{X) = ^V2(logA(T + az-Al))dAidA2 

= (i log A((r - A1)*(T - Al) + aH)) dAi dAa, 

where the Laplacian V = ^ + ^ is taken in the distribution sense. By the proof of 
[HHl Lemma 2.8], 

L,(A) := i log A((T - A1)*(T - Al) + aH) 
is a C^-function in (Ai, A2) and its Laplacian is given by 

(V%)(A) = 2aV((T(A)*T(A) + aY\T{X)T{X)* + a^^) 

(replace (a, 6, e) by (T, l,a^) in the function in the proof of [HS^^ Lemma 2.8]). This 
proves fl4.16p . ■ 

4.7 Remark. In [HSl Theorem 5.2] it was shown that the Brown measure of z is given 
by ^ 

d/i^(A) = n , dAidAa. 
7r(l + |A|^) 

Note that this can also be obtained as a special case of (14.161) with T = and a = 1. 



4.8 Corollary. Let T and T + az be as in Proposition 14.51 Then 

fJ-T+az ^ l-t'T as a ^ + . 
Proof. It suffices to show that for all (f G C^(C), 

ipdfiT+az / v^d/iT as a ^ + . (4.17) 



As in the proof of Corollary 14. 6[ put 



and let 



Then 



and 



La{X) = log A{T + az- \1) 

= l log A((T - A1)*(T - Al) + aH), ^^'^^^ 



L(A) = log A(T - Al) = ^ log A((T - A1)*(T - Al)). (4.19) 

d^lT+azW = ^V^LaiX) dAi dAs, 

d/ir(A) = ^V^L{\) dAi dAa. 
27r 
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Hence, for all ip G 

[ <f d^T+a. = 7^ / ( V V) WLaW dAi dA2, (4.20) 



and 



f y,d/iT = 7^ / (VV)(A)i.(A)dAidA2. (4.21) 



By ( I4.18P and (14.191) . La{X) \ i^(A) as a \ 0. Since L and are subharmonic and 
hence locally integrable, (I4.17P then follows from (14.201) . (I4.2ip and Lebesgue's dominated 
convergence theorem. ■ 



5 A certain Lipschitz condition 

Consider a von Neumann algebra N equipped with a faithful normal tracial state r, and 
assume that [N" contains the von Neumann algebra M as a sub-algebra and a circular 
system {x, y} which is *-free from M. We let z = xy~^ G Lp^'N, r), (0 < p < 1). By [HSl 
Theorem 5.2 and Theorem 5.4], 

z,z-^ e LP{J<,t) for all p G (0, 1). (5.1) 
Moreover, if p G (0, |) and A G C, then z'^, {z^ - Xl)-^ G Lp(K, r), and 

11(^2 - Al)"ip < \\z-^\\p = \\z^\\p < oo. (5.2) 
As an application of fl5.1l) . fl5.2l) . and Proposition 14. 4^ in this section we prove: 

5.1 Theorem. For every T G M and every p G (0, 1), T + z has an inverse (T + z)^^ G 
L^(!N, r). Moreover, for each p G (0, |) there is a constant Cp^ > such that 

V5,TgM: \\{S + z)-' -{T + z)-'\\p<C^p^^\\S-T\\. (5.3) 

Theorem 15.11 is a consequence of the following three results, which we prove later on. 

5.2 Lemma. Let S,T eM. Then 

\\{l + S*Sy^S* -{1 + T*T)-^^T*\\ < |||5-T||, (5.4) 

and 

+ S*S)-^ -{l + T*T)-^\\ < f||5-T||. (5.5) 



5.3 Proposition. For T G M dehne u{T) G 1X(M2(M)) by 



2 



{1 + T*T)-2T* -(1 + T*T)-., 
Then for all S,T eM, 

\\u{S)~u{T)\\<2\\S-T\\. (5.7) 
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According to Proposition 14.41 ii u = {uij)f j^i G 'U(M2(M)), then Unx + Ui2y and U21X + 
U22y are *-free circular elements in 'N, and they are *-free from M. In particular, we may 
define gu{z) G L^CN, r), (0 < p < 1), by 

guiz) = (UnX + Ui2y){u2lX + U22y)~^ = (UnZ + Ui2){u2lZ + U22)~^- (5.8) 

5.4 Proposition. (i) Let p G (0, 1). Then for every u G 1X(M2(M)), 

Ik^l^)!!? = Ikllp < oo- (5-9) 

(a) Let p G (0, |). Then there is a constant C^^ > such that for all m, t> G U{M2{M)), 

\\g^{z)-g,{z%<C^'^\\u-v\\. (5.10) 



Proof of Theorem \5.1[ Let T G M, and let u{T) G 'U(M2(M)) be given by (15. 6p . Moreover 
define (a circular system) {v^w} C !N by 

^"^-^^)h = f(l + ^•^.^l^•^"^'>V (5.11) 



wj \yj \{l + TT*y2{x + Ty) 

Then 

T + z = (Ty + x)y~^ 

= {l + TT*f^wy-\ 

so for each p G (0, 1), T + z has an inverse (T + z)^-"^ G L^^N, r) given by 

(T + z)-i = j/w~^(l + TT*)-i (5.12) 



Moreover, 



T(l + T*T)-2 (1 + TT*)-2 \ 

-(1 + T*T)-^ T*(l +TT*)-V Vu; 

(i + rT*)-^r (1 + Tr*)-5 \ /^t; 

-(i + T*T)-5 (i + T*r)-5r 



w 



In particular. 



;i + T*T)-5(T*w-i;), (5.13) 



and hence by (I5.12p . 

(T + z)-^ = yw-\l + TT*) 



(1 + T*T)'^{T*w - v)w-\l + TT*)-2 

T*{1 + TT*)-^ - (1 + T*T)-^^vw-^{l + TT*)-^ 

T*{1 + TT*)-^ - (1 + T*Ty^gu(T)iz)il + TT*y^. 
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It follows that for 5, T G M and < p < |, 

ll(^ + ^)-^-(T + ^)-^||^<P||^+||5||^, (5.14) 

where 

A = S*{1 + SS*y^ - T*(l + TT*)-\ (5.15) 

and 

5 = (1 + s*s)-^^guis)iz){i + sst'' - (1 + r*r)"^(7«{T)(^)(i + rT*)-i (5.16) 

According to fl5.4p . 

|p< = \\{l + SS*)-'^S-il + TT*)-'^T\\ < |||^*-T*|| = |||^-T||. 



To get an estimate of we write i? as a sum, B = Bi + B2 + B^, where Bi, B2 and 

-B3 are given by 

fii = [il + S*S)--^-il + T*T)--2]g^^s)iz)il + SSTK 

B2 = il + T*T)-^g^^s)iz)-guiT)iz))il + SSTK 

B, = {l + T*T)~-2g^^^T){z)[{l + SS*)-"^-{l + TT*)-l]. 

According to fl5.5p . 

11(1 + s*S)-^ - (1 + T*T)-^\ <l\\S- T\\ < \\S - T||, 

and 

11(1 + ss*)-^ - (i + rT*)-^|| < f -r*|| < \\s-T\\. 

Moreover, by Proposition 15.41 and Proposition 15.31 

lk«(5)(^) -^7«(T)(^)||p < Cf ||n(S) -MT)|| < 2Cf II5-TII, 

and 

\\9uis){z)\\p = \\z\\p. 

It follows that 

\\Bi\\p< ||^||p||S-T||, (5.17) 
\\B2\\p<2Cp\\S-T\\ (5.18) 

and 

\m\p<\\zUS-T\\. (5.19) 

Altogether we have shown that 



+ < \\A\\;+\\B,\\l+\\B2\\l+\\B,rp 

< [{ir+2\\zr^+{2cpy)\\s-n 
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so by dSm, dOD holds with C^^^ = + 2\\z\\l + 2^^^ 

Proof of Lemma \5.^ For all x > we have: 



Therefore every i? G M satisfies 



1 



TT 



oo 



1 + R*R)-^ = - I {R*R + (a + l)l)-^a-^ da 



Banach space valued integral). 
For a > 1 define 



A{a) = {al + S*S)-^S* -{al + T*T)-^T*, 
B{a) = {al + S*S)-^ -{al + T*Ty\ 
C{a) = {al + SS*)-^ - {al + TT*)~\ 



Then 



A{a) = {al + S*S)-^S* -T*{al + TT*)-^ 

= (al + 5*5)-^[5*(al + TT*) - (al + S*S)T*]{al + TT* 
= a{al + S*S)-\S* -T*){al + TT*)-^ + 

(al + S*S)-^S*{T - S)T*{al + TT*)-\ 

Now, for every i? G M, 

Ual + R*R)-'\\<1 

and 



2 



\\{al + R*R)-^R*\\ = \\{al + R*R)-^R*R{al + R*R) 

( ^ 

~ V {a + tf 

1 



2v^' 

Hence 

\\A{a)\\<\\\S*-T*\\ + l\\T-S\\ = '-f\\S-T\\. 

It follows that 

+ - (1 + T*T)-^T*|| < -/ p(a+ l)||a-^da 



47r 
5 
4 



!I|5-T||, 
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which is (15.41) . 
Also, since 



where 



and 



B{a) = {al + S*S)-\T*T - S*S){al + T*T)-^ 
= {al + S*Sy\T* - S*)T{al + T*T)-^ 

+ {al + S*S)-^S*{T - S){al + T*T)-\ 



\\{al + S*S)-^{T* ~ S*)T{al + T*T)-^\\ < i||T - 5|| ||T(al + T*T)-i 

= \\\T - S\\\\{al + T*T)-^T*^ 

\\{al + S*S)-^S*{T - S){al + T*T)-^\\ < l\\{al + S* S)-^S*\\\\T - S\\ 



we find that 
whence 



\\B{a)\\<^JS-Tl 



(5.24) 



11(1 + 5*5)-^ -(i + T*T)-2 II < -/ \\Bia + l)\\a--^da 

Jo 

< ||5-T||- / {a + l)-ia'^da 
Jo 

= '^\\S-T\\, 

and this is (15. 5p . ■ 
Proof of Proposition \5.3[ With 

A = {1 + S*S)-^S* - {1 + T*T)-^T*, 
B = {1 + S*S)-^ - {1 + T*T)~^, 
C = {1 + SS*)-^ - i^ + TT*)-^ 

one has that 

u{S) - u{T) 

and hence by Lemma [5. 2 ^ 

\HS)-u{T)\\ < 



(5.25) 



A B 

C -A* 





° 1 








r 


-A* 


+ 




1 



-max{||5||,||q|} 

< l\\S-T\\ + ^\\S-T\\ 

< ns-T\\. 
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Next we want to prove Proposition 15.41 To this end we need a series of lemmas which we 
state and prove in the following. 



5.5 Lemma. Let u G 'U(M2(M)) with ||u — 1|| < 1. Then there exist Wi,W2 E 11(3^) and 
i eM such that 

u = wv, (5.26) 

where 

°V (5.27) 



W2 



and 



(5.28) 



wi, W2 and i are uniquely determined by (15.261) . (I5.27P and (I5.28p . Moreover, < 1, 
— 1|| <2||u — 1|| and \\wi — 1\\ <3||?i — l||,z = l,2. 

Proof, u = {uij)f j^i with Uij G M, where Wua — 1|| < 1, i = 1, 2. Thus, Un and U22 are 
invertible and have unique polar decompositions uu = Wi\uii\, where Wi G 'U(M), i = 1,2. 
Put i = wlui2, ^ = W2U21 and 

\0 wlj \ m \u22\) 
Since v is unitary, + (it = 1, £i* + = 1 and ml-unl + 1^221^* = 0. Hence 

\uu\ = {1 - it)^ , (5.29) 
\u22\ = {l-ti)^ (5.30) 

and 

m = -\u22\t\uu\^^ = -t- (5.31) 

Thus, V is given by fl5.28p . Moreover, due to the uniqueness of the polar decompositions 
of Mil and U22, Wi, W2 and i are uniquely determined by (I5.26p . (15.270 and fl5.28p . 

Since \\u — 1|| < 1, we find that 

ll^ll = hi2|| < h- 1|| < 1- (5.32) 
Also, when t G [0, 1], then < 1 — ^/t < 1 — t, and hence 

||i-(i-£r)^|| < ||i-(i_£r)|| = ||£f. 



and 
Since 



i-ny^w < ||i-(i-r£)|| = ii^ip 



1 



i-(i-£r). \ fo -I 
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we may use the estimates obtained above to see that 



1 



< max{||l-(l-£r)2||, ||l-(l-r£)2||} + ||£|| 

< ur+uw 

< m 

< 2||m-1||. (5.33) 

Finally, w given by fl5.27p satisfies 

\\w — 1|| = \\uv* — 1|| 

= II (m — v)v*\\ 

= \\u — v\\ 

< ||m - 1|| + lit; - 1|| 

< 3||m-1||, 

and hence \\wi — 1|| < 3||m — 1||, z = 1, 2. ■ 

5.6 Lemma. Let £ E M. with \\£\\ < 1. Then there exists ws G 'U(M) such that 

-t (i-r£)v vo vv -1^1 (i-l^nvvo 1 



(5.34) 



Proof. Since M is finite, we may take a unitary G 'U(M) such that i = W3\i\. Let 
mi = 1^3(1 — it)2W3 and m2 = (1 — ti)2. Then 

VV {l-ti)y\0 1) 7712)- 

In particular, ^ ^ is unitary, and hence mf + |£p = 1, so mi = (1 — I^P)^. This 

proves fl5.34p . ■ 

5.7 Lemma. Let m G M+ witii ||m|| < 1. Then there exist unitaries W4,W5 G M and 
6* G M sucii that 



I 

V 



(1 — m ) 2 m 

— m (1 — m^)^ 
■"^4 0\ / cos 6^1 sin6'w5\ / cos^^l sin6'w5^ [w^^ 



1/ \ — sin 6*^5 cos6'l / \ — smOwr, cos 6*1 / \ 1 



(5.35) 



< < ll'y' - 1|| and \\wi - 1|| < 2||t;' - 1| 



Proof. If m = 0, then v' = 1, and (15.351) holds with 6 = 0, W4 = w^. Now, assume that 
m 7^ 0. Then we may choose 6 G (0, |) such that sin (2^) = ||m||. Let 

11 , , 

m = = -m. (5.36) 

sin(2^) 2 cos ^ sine ^ ^ 
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Then m' = {m')*, \\m'\\ = 1, and with 



nj^ = m' + 1 VI - (m'y E U(M) (5.37) 

one has that 

m' = l{w5 + wl). 

Let 

" — f cos^l sin6'iy5\ / cos 611 sin^wA _ ( k m 
\ — smOwt cos^^l / \ — sin6'wc, cos6'l / \—m k 
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where 

k = cos^ 61 - sin^ Owl (5.38) 
Since v" is unitary, kk* = k*k = 1 — m?. Then let 

k = Wi{l-m^)^ (5.39) 

be the polar decomposition of k. siv? 6 < cos^9, when < 6* < ^, so is invertible, and 
W4 must be unitary. Moreover, belongs to the abelian von Neumann algebra W*{k), 
and therefore it commutes with m = (1 — k*k)2. It follows that 

wl 0\ f k m\ fw4 0\_/(l-m2)^ m \ 
l)[~m k*)[0 -m (l-m2)V' ^ ' 

that is, (15351) holds. Also, since 29 G (0, f ), ||m|| = sin(2^) > f 29, and we get that 

9 <j \\m\\ < \\m\\ < II?/ - 1||. (5.41) 

w| is unitary, and hence by (15.381) and the spectral mapping theorem, the spectrum 
of k must be contained in the boundary of the closed ball -B(cos^ 9, sin^ 9) C C. As 
cos^ 6* > sin^ 6*, this ball is contained in {z G C | Rez > 0}, so there is a continuous 
determination of arg2; in cr{k) taking values in (— f , f ). In particular, 

W4 = e'^-'s^^') (5.42) 

and we get that 

\\u!4 — 1|| < II arg(/c)|| 

< max{|arg(2)| \z G c?i?(cos^ 6*, sin^ 6')} 

= arcsin(tan^ ^). (5.43) 

Making use of the estimates 

0<tant<-t, (0<t<-), 

TT 4 

and 

< arcsint < ^t, (0 < t < 1), 
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we finally find that 



||'W^4 — 1|| < arcsin(tan^ 6*) 
< arcsin(i|^2) 



< 26 

< 2||i;'-l| 



5.8 Definition. For p e (0, 1) define dp : U{M2{M)) x l[(M2(M)) [0, oo[ by 

rfj^Kt;) = \\g^{z) - g,{z)\\l, iu,v E U(M2(M)). (5.44) 

Clearly, for all u,v,w E 'U(M2(M)), we have: 

dp{u,w)<dp{u,v) + dp{v,w). (5.45) 

5.9 Proposition. Let < p < |. Then 
(i) dp is right-invariant on 1X(M2(M)). 

(a) dp is left-invariant w.r.t. niultiphcation by diagonal unitaries. 
(Hi) For all Wi,W2 G 'U(M) one has that w = ^ ] satisGes 



. W2^ 

dp{w, 1) < {\\w, - ir + 1^2 - ir)ikii^. (5.46) 

Proof, (i) Let u,v,w e U(M2(M)). Then with 



x' \ fx 



w 

y' J \y 

and z' = x'{y')^^ we have that 

9uwiz) - gvw{z) = Quiz') - gv{z'). 

According to Proposition 14.41 {x\y'} is a circular system which is *-free from M, so 

dp{uw,vw) = Wguwiz) - gy^{z)\\p 

= \\9uiz') - g^{z')\\p 

= \\9u{z) - gv{z)\\p 

= dp{u,v). 
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(ii) Let u = {ui,)l^^,,v = G U(M2(M)), and let = ( ^ J G U(Af2(M)). 



Then Wi,W2 G 'U(M), and hence 
dp{wu,wv) = \\gwu{z) - gu,^{z)\\^ 

= \\wi{uuX + Ui2y){u2lX + U22y)~^wl - Wi{viiX + Vi2y){v2lX + t^22y)""^ti'2llp 
= \\{UiiX + Ui2y){u2lX + U22yY^ - (^^113; + f 122/) (^^213: + t^22l/)"lp 

= dp{u,v). 

(hi) Let 1^1,^2 G 'U(M), and let w = ( ). Then 

rfp(w, 1) = \\wix{w2yy^ - xy'^^Wl 
= Wwixy'^ - xy~'''W2\\l 

< \\{w^-l)xy-'\\;+\\xy~-\l-W2)rp 

< (iiK-i)r+ 11(^2 -i)r)ikr ■ 



5.10 Corollary. Let n e N, let u,ui,...,Un G U(M2(M)), and let w G U(M2(M)) be 
diagonal. Then 

(iv) dp{ui 1) < X]"=i c^pl^ij, 1)- 

(v) dp{wuw*, 1) = dp{u, 1). 

Proof, (iv) follows from (15 .45^ and from Proposition l5.9l (i). Indeed, if ui, U2 G 'U(M2(M)), 
then 

rfp(MlM2,l) = dp{Ui,ul) 

< dp{ui,l) + dp{l,u*2) 
= dp{ui,l) + dp{u2,l). 

Then (iv) follows for general n G N by induction. 

(v) is a consequence of Proposition 15.91 (i) and (h). ■ 

Proof of Proposition \5.4\ (i) Let u = {uij)jj^i G 'U(M2(M)). Then, as already mentioned, 
Uux + Ui2y and U21X + M222/ are *-free circular elements. In particular, gu{z) = {uux + 
Ui2y){u2ix + U22y)~^ has the same ^-distribution as z (in the sense of [HS. Definition 3.2]), 
whence ||5fu(2;)||p = \\z\\p < 00 for p G (0, 1). 

(ii) Now assume that p G (0, |). At first we consider u G 'U(M2(M)) with \\u — 1|| < 1. 
Take u) = ^ ] and v as in Lemma [5.51 Then, according to Corollary 15.101 (iv). 



W2 



dp{u,l) <dp{w,l) + dp{v,l), (5.47) 
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where 



dpiw,l) < (\\w^-lr+\\w2-lr)\\z\\l 



< 2-3*'||n- If ll^l 
(cf . Proposition 15.91 and Lemma 15.51) . 



As in Lemma [5.61 take m = \£\ E an ws E 1X(M) such that 



and put 



Then 



1 [ -m [O 1 



1 — m^) 2 m 
—m (1 — m?)^ 



\\v- 1|| = \\v' - 1|| < 2\\u- 1||, 
and because of Corollary 15.101 (v), dp{v', 1) = dp{v, 1), so 

dp{u, 1) < 2 ■ S^Wu - ir\\z\\; + dp{v', 1). 

As in Lemma 15.71 we may take W4, E 'U(M) and 6' G M such that < ^ < 
\\w4 - 1|| < 2\\v' - 1|| and 

, _ (wl 0\ / cos^l sin^wsX / cos^l sin^wA fw^, 0\ 
^~\^0 l)\-sinewl cosily) V- sinews cos 01 J V l) ' 

Then, according to Proposition 15.91 (iii) and Corollary 15. 101 (iv) . with 

„_ / cos6'l sin^^wsX / cos^^l sin 6*^5 



V 



sin6'w5 cos^^l J V— sin6'u;5 cos6'l 



we have that 



dp{v\l) < 2\\w4-l%\\z\\l + dp{v",l) 

< 2-2^v' -lf\\z\\l + dp{v\l) 

< 2-AP\\u-lY\\z\\l + dp{v\l). 

Altogether we have shown that 

rfpK 1) < 2 ■ (3^ + 4^)l|n - l\nz\\l + dp{v\ 1). 

Since 

cos^^l sin6'w5\ _ fw5 0\ / cos^^ sin6'\ / 0' 
-sin^w^ cos0lj~lo ly l-sin0 cos^Mo 1 
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and 

cos^l sinOwl 
— sin 9w5 cos 6^1 

Corollary I5.1UI implies that with 



wl 0\ f cos 6 sm6\ fw^ 
1 j I - sine cos^ j I ly ' 



cos 6 sin 6^ 
- sin 9 cos 9 } ' 



one has that 



u{9) = 
dp{v\l) < 2dp{u{9),l). 



Thus, when \\u — 1|| < 1, 

rfp(M, 1) < 4f+iM - lf\\z\\l + 2dp{u{9), 1) 
where < ^ < max{2||M - 1||, f }. 



If \\u - HI > 1, then 



dp{u,l) = \\guiz) - z\\l 

< \\9u{zK+\\z\\l 



= mil 

< AP+^\\u-l\f\\z\\l, 



so fl5.58p still holds in this case. 

To get an estimate of dp{u{9),l), where < 9 < max{2||M — 1||, |}, let 
u{9) = u{(f)y, so by the right-invariance of dp and the inequality 



1 + tan^ (/) < 2, 



0<(j)< 



we get that 



dp{u{9),l) = dp{u{<P),u{<j))-') 



dp{u{(l)) K J j ,n(0) 1 f J J 



sind) z + cos ( 



sin (f) z + cos ( 



cos (J) z — sm (p 
2 tan 0(^2 + 1) 



cos (f) z + sin I 



z'^ — tan^ I 



2 tan (j) + 



2 tan (1 + tan^ 



z"^ — tancf) 



< (2tan0)P + (4tan0)P 

Hence, by ( 15.21) and the fact that 

tan < 20 = 61, < < 



z^ — tan( 



IT 
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dp{u{e),l) < (2tan0f+ (4tan7r)^'||22||P 

< {2ey + iA9y\\z^\\p 

< 2^^(1 + 211^1^) 

< A-2^\\u-l\\P{l + 2\\z^\\l). 

Finally, by insertion of the above estimate into fl5.58p . we find that with 
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Ci2) ^ (^4P+^z\\l + 2P+\l + 2\\z^\\l)y, (5.59) 
one has that 

dp{u,l)p <Cp\\u-l\\. (5.60) 

Then for all u,v e U(M2(M)), 

\\9uiz) - gy{z)\\p = dp{u,v)p 

= dp{uv~^,l)p 

= c'flk-^ll, 

and this is f l5.10p . ■ 

6 Integration in L^(M, r) for < p < 1 

In this section we consider a Ili-factor M with faithful tracial state r and a fixed p G (0, 1). 
In this case 

\\A\\p={r{\An)K AeM, 
does not define a norm on M but only a quasi-norm satisfying 

\\A + B\\l<\\A\\l+\\B\\l, A,BeM (6.1) 

(cf. [FKJ). L^(M,r) is complete w.r.t. the metric 

dp{A, B) = \\A - B\\Pp, A,BeM. 

Although LP(M, r) is not a locally convex vector space, one can define a Riemann type 
integral of a vector valued function 

/:[a,&]^L^(M,r), 

provided / fulfills the condition that for some a > and for some positive constant C, 

Vx, 7/ e [a, h] : ||/(a;) - f{y)\\p < C\x - y^. (6.2) 

This is a special case of an integral introduced by Turpin and Waelbroeck in 1968-71 (cf. 
[TuWaj . jWa] ) and further developed by Kalton in 1985 (cf. [Kal Section 3]). We shall 
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only need the properties of the Turpin-Waelbroeck integral stated in Definition 16.11 and 
Theorem 16.21 below. For the convenience of the reader we have enclosed a self-contained 
proof of Theorem 16.21 in the appendix (section 10). 

Suppose fl6.2p is fulfilled. Then for each n E Nq define S'„ G L^^M, r) by 



2" 

^" = ^E/(« + ^^)' (^^^^o)- (6-3) 

k=l 

Then for every n > 2, 

2'n, 

s„-s„_, = !9^5:(-i)'=-V(« + *^"' 



k=l 

2n-l 



b — a X ^ 



2'^ 



where 



Hence, by flO) 



and then by fl6.ip . 



7;. = /(a+(2j-l)^)-/(a + 2/ ^ 



2" 



\On On-iWp-^ V 2" y 2 ■ 2"(p+P°+i) ' 



Since a > p + pa — 1 > 0, and hence 



^ ll'S'n - S'n.ill^ < OO. 



?i=2 

It follows that {Sn)'^=i is a Cauchy sequence in L^(M, r) w.r.t. the metric (ip, and therefore 
lim„^oo Sn exists in Lp(M, r). 

6.1 Definition. For / : M ^ Lp(M, r) as above we define f{x) dx G Lp{M, t) by 

/(x) dx := lim S'n. (6.5) 



6.2 Theorem. Suppose f : [a,b] Lp(M, r) satisGes i \6.2h for some a > ^ — 1. Let 
I = {a = Xo < Xi < ■ ■ ■ < Xn-i < Xn = b) be an arbitrary partition of [a,b], and for 
arbitrary ti G [xi_i,Xj] define 

n 
1=1 
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Then with S{I) = maxi<j<„(xj — 



M 



f\x) dx 



< 



CP{b - a)5(J)P+"P-i 
p + pa — 1 



(6.7) 



It follows that if {In)'^=i is a sequence of partitions of [a, b], such that the fineness 
of the n'th partition In tends to zero as n tends to infinity, and if for each n G N we 
associate to In a finite sum Mn G Lp(M, r) as in (16.61) . then ||M„ — f{x) dx\\p ^ as 
n —>■ CO. 

Proof. See section 10. 

By [ HS| Section 2], the definition of tlie Fuglede-Kadison determinant A(T) and tfie 
Brown measure /it can be extended to all unbounded operators in M^, wliere 

POO 

= {T eM\ / log+td/i|T|(t) < cx)}. 
Jo 

Note tliat LP{M, r) C for all p e (0, oo). 

6.3 Definition. For T e M'^ define r'{T), the modified spectral radius of T, by 

r'(T) = sup{|2;| | z G supp(/ir)}- (6.8) 



6.4 Proposition. For each T G and each p G (0, oo) we have that 

r'{T) < limsup IIT"'!!^ . 



(6.9) 



Proof. r'{T) is the essential supremum of |A| w.r.t. ^t- Hence by application of [HSl 
Proposition 2.15] and [HSl Theorem 2.19], 



r'(T) 



lim 

q^ca 



lim 

m— >oo 

lim 

m^oo 

lim 

m—KX) 



Iz^'lPd^riz 

\z\P dflT"^{z 

< limsup (IIT'^II^ 



1 

pm 



1 

pm 



1 

pm- 



1 

I pm- 



limsup ||T™||f . 
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6.5 Proposition. Let T G and let P G 3^ be a non-trivial projection such that 
PTP = TP. Then 

A(T) = ApMp(PTP)-(^) ApX3vcpx(P^TP^)i--(^), (6.10) 

and 

= T{P)flpTP + (1 - T{P))flp±TP±, (6.11) 

where the Brown measures fipTP and fip±Tp± are computed relative to the Ili-factors 
PMP and P^MP^, respectively. 

Proof. (16.101) was proven in [HSl Proposition 2.24]. Since PTP = TP, we have that for 
all A G C, P(T - A1)P = (T - A1)P, and thus by I^M), 

logA(T-Al) = r(P) log ApMp(P(r-Al)P)+(l-r(P)) log Apx3vtpx(P^(r-Al)P^), A G C. 

(6.12) 

(16. lip now follows by taking the Laplacian (in the Schwartz distribution sense) on both 
sides of ( Km (cf. [HSl Definition 2.13]). ■ 

6.6 Theorem. Suppose T G and that T has empty point spectrum^ Moreover, 
assume that for some p G (|, 1) there exist a G (^ — 1, 1] and a positive constant C such 
that 

(i) (T - Al)-i G LP{M, t) for all A G C, 

(ii) II (T - Al)-i - (T - i^iy^Wp < C\X - ^1° for all A, ^ G C. 

Then there is a T -invariant subspace % affiliated with M such that when P G M denotes 
the projection onto %, and when we write 



T 



Tu Ti2 
T22 



according to the deco mposition "K = %®X^, then Tu G /^(PMP), T^^^ G Lp(P^MP^), 
supp(/iTii) C P(0, 1) and supp(/iT22) ^ ^ C | |z| > 1}. 

Proof. Define / : M ^ Lp(M, r) by 

/(t) = (e^*l - r)~ie'*, (tGM). 

Then / is Holder continuous with exponent a. Indeed, 

= ||(e'*l-T)-V*-(e-l-T)-Vl|^ 

< ||((e'*l - T)-i - (e'n - T)-^)e'X + ll(e"l - T)-\e'' - e^*)||^ 

< CP|e'* -e''|"P + (Cyis -t|P 

< CPls-tl^'P + {C'Y\s-t\P, (6.13) 



^The point spectrum of T is the set of eigenvalues of T. 
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where 

C = max{||(Al - T)-^\\p \ |A| = 1} < oo. 

It follows that / is Holder continuous with exponent min{a, 1} = a and that we may 
define E e LP(M,r) by 



1 r 1 



E = — / (Al-T)-MA := — / f{t)dt. (6.14) 



27r 



27i"i JdB(o,i) 27r Jo 

We are going to prove that the range projection P of E has the properties stated in 
Theorem 16.61 

At first we prove that E"^ = E. To see this, note that with 

4"' = (l<fc<n). 
4"' = (l<*<n) 

1 ™ 

E„ = -^(e"^ 1-T)-V^^ (6.15) 



and 



one has that 



where 



and 



n 

k=l 



1 " 

F. = -X^(e^*i"'l-T)-Vi"' (6.16) 



n 

k=l 



lim \\E - EnWp = lim \\E - = 0. 

n— >oo ra— >oo 

Moreover, 

I ^ > (n) An) (n) -, .in) -, 

k,li 

1 e e ' / (") 1 A") 1^ 

= Ay , J (e"^ l-T)-^-(e'*' 1-T)-^ 

k,h ^ ^ 

^ n 1 



n — ' n 

k=l 1=1 



.It*"' 



1 ^ e'^^ - ^ ^ 
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It follows that 



4"^ = 

m=l 



1 " 1 



where = e^' " ' , m = 1, . . . , n, are the roots of the polynomial 



Consequently, 



and 



This imphes that 



m=l 



p\z) 



n 

Z-^ r — / 



p{z) z-6. 

^ ' m=l 



Sn) _ An) _ 1 /All _ 1 
% -h -^^(1) "2' 

and we have thus shown that 

Ki^„ = |(K + i^n)- (6.17) 



Now, EnFn = \{En + -Fn) ^ E w.r.t. II ■ lip and hence w.r.t. || • ||e. Moreover, 

\\E^F^ - E-'Wl < IKK - ^)i^n||i + ||^(i^n - ^)||i 



< (IIK - E||p||||F„||p)^ + (PIIpIIIIF, - E\\j,Y 
— > as n — > oo, 

and it follows that E — E'^. 

Clearly, E^ and T commute for every n & N. Since the map (a, b) i— > ab is continuous 
w.r.t the measure topology on products of sets which are bounded in measure, this implies 
that 

ET ^TEinM. (6.18) 
In particular, ker(£') and R{E) (the range of E) are T-invariant. 



Let P denote the projection onto R{E). Then P e M, and FTP agrees with TP o n 
R{E) + P{3<)^ which is a dense subset of ^K. Hence FTP = TP in M, i.e. X = R{E) is 
T-invariant. 

Next take a fixed m e N. As above we find that the map 
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is Holder continuous with exponent a, and thus we may define G G L^(M, r) by 

G = — [ (Al-T)-^A"^dA. (6.19) 
27ri JdB{o,i) 

We know that G = hm„^oo Gn in p-norm, where 

G. = iy(e'4"'l-T)"V(™+i)4"', 
fc=i 

with = With E'n as in fl6.15p we want to prove that for fixed n > m, 

Gn = T^'En, (6.20) 

i.e. that 

^ n 1 " 

X ^ ^ (n) -1 / I -I \ 1 X ^ (n) fn) 

- XI (e"^ 1 - T)-^e'('"+^)^^ = - XI (e"^ 1 - T)-iT™e"^ . (6.21) 
^ fc=i ^ fc=i 

Note that flOTD holds if 

^ n 1 " 

- - ^)-ie'('"+^)^^ = - X(e"^ - ^)"^"e"^ (6.22) 



n 



n ^ — ' n 

k=l k=l 



as rational functions of z G C. 
Now, with 



q{z) = - 1, {ze C), 



(n) 

e'^fe , /c = 1, . . . , n are the roots of g, and therefore 



Res -;e''^ 



(n) 

1 1 1 e"*fe 



It follows that 

1 1 1 .J") 



(z-e"^ )-ie"^ . (6.23) 



Also, limi^i^oo ^ = and 



^9(2:) ^ g'(e'4 ) ^ 



Hence 



q{z) n ^ 



1 ^ 

-V(z-e'4 )-V("^+^)4- . (6.24) 
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Comparing (K^ with I^M) we find that (KT3f holds when n > m, that is Gn = T^^E^. 
Take the hmit as n oo on both sides of fl6.20p (w.r.t. the measure topology) and 
conclude that 

G = T'^E. (6.25) 
f l6.25p enables us to make an estimate of ||T'"£'||p: As in f l6.13p one can show that 
||(^e"*l — TY^e^'^'^^^^^ — (e'*l — T)~^e^'^^'^^''^Y ^ C^\e^^ — e^*|"^ + {^C'Y\e^^"'^^''^ — q^^"^+^'>^\p 

and since a < 1 and |e'('"+i)'^ - e'(™+i)*| < 2, 

pi{m+l)s pi(m+l)t 

|gi(m+l)s _ gi{m+l)t| < 2 



2 

< 2^-"(m+ l)"|s-t|" 

< 2^~"(m+ l)|s-t|". 

It follows that t (e'*l — T)^^e'*^™'^^''* is Holder continuous with exponent a and constant 

(C")P(m + 1)P2P(^~"))^ 

Since < p < 1, 

(^).i(.'.n 

whence 

xP + yP < 2'-'P{x + y)^ < 2'P{x + y) 



because p>\- Consequently, t ^ (e'*l — T) ie^*^™+^^* is Holder continuous with exponent 
a and constant 

C" = 2(C + C"(m + l)2i-"). (6.26) 
Then according to Lemma 110.4^ 

W^Wl^ (6.27) 

and combining fl6.26p with f l6.27p we find that there exist positive constants /ci, /c2 (which 
are independent of m) such that 

\\T'^E\\p<ki + mk2, (m G N). 

In particular, 



lim fr(P)"p||T'"E||p)'" < 1. 
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Since % is T-invariant, with Tn = T\^, we have that = Tj^. Moreover, TE and 
agree on R{E), and hence they must agree as operators in (PMP)~. It follows that 



rpm rpm E 

11 Ix lac' 



and then, by Proposition 16.41 



/(Tn) < lim ||r^ 



. HHP 

m— >oo 



lim r(P)-p||T'"E|| 

< 1 



P 

m— >oo 



1 



Thus supp(/iTii) C 5(0, 1). 

Finally, to prove that supp(/ir22) C {z G C| |2;| > 1}, define for fixed m E N H E Lp(M, r) 
by 

H=-^ [ (Al-T)-U-™dA (6.28) 
27ri JdB{o,i) 

As above one may prove that the right hand side makes sense as a Riemann integral in 
L^(M, r). Moreover, if = lim„^oo Hn in p-norm, where 



ii. = -iy(e'4"'l-T)-V(i-)4"' 



k=l 



with s^""* = We are going to prove that 

ii„ = T-™(l-E„), (n>m), (6.29) 
and as in the above, (16.291) holds, as soon as 

_i\^(e4"' _^)-ie^{i-'»)4"^ =2— ('l_i\^(e4"'i_;2)-ie^4"'y (^ g C). (6.30) 



k=l k=l 

According to 06.231) 

A;=l 



Since ^^^-r — > as b| ^ oo and 



Res ^ ;e-r = ^ = ^e'^^-) 



g'(e-i"') « 



— has the following partial fraction decomposition: 

f = i V e^(i— i = - - V e^(i-'-)4"' i f 6 32) 



^' fc=i z — e'"fc fc=i —z 
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Combining (lOTj) with we find that (KM holds, and hence i7„ = r-™(l - E„) 

when n > m. Taking the hmit as n — oo on both sides of (16.291) (w.r.t. the measure 
topology) we arrive at the identity 

H = T-"'{1- E). (6.33) 

As in the above this implies that there are constants fcs, ^4 > such that 

||T--(l-^)||p< A;3 + A;4m, (m G N), 

whence 

||(r*) — (1 - E*)\\, = 11(1 - E)T~'"^\\, = ||T-"^(1 - E)\\, <h + hm, 
because T and E commute. 

Clearly, {1 — E*)"^ = 1 — E*, and (T*)~^ commutes with 1 — E*. As in the above this 
implies that -R(l — E*) is (T*)~^-invariant and that 

UTT'^QW.Kh + hm, (6.34) 



where Q E M. denotes the projection onto R{1 — E*). Now 



R{1 - E*) = ker(l - E) = {x e V{E) \ Ex = x} = R{E) = X, 

and hence 

(T*)-'^Q = Q{T*)-"'Q = {Q{T*)-^Q)"' = {T;^)-"'. (6.35) 
As above it follows from (16.341) and (16.351) that 

r'(T22^) < hm IIT^-^'^IIp- = lim \\{T;,)-"^\\P < 1, 

m— »oo m—foo 

i.e. supp(/iy-i) ^ {z e C\\z\ < 1}. Since T G M^, it follows that T22 G (P^MP^)^, 
and thus, by |HS[ Proposition 2.16], supp(/iT22) ^ £ C | |2;| > 1}. ■ 



7 The invariant subspace problem relative to a IIi- 
factor 

The purpose of the present section is to combine the results of the previous sections to 
give a proof of our main theorem: 

7.1 Theorem. For every T G M and every Borel set B C <C there is a largest closed 
T-invariant subspace % = %t{B) afEliated with M, such that the Brown measure ofT\x, 
fiT\x, is concentrated on bE Moreover, % is hyperinvarian^ for T, and if P = Pt{B) G M 
denotes the projection onto %, then 

^li % = {0}, then we define /^t|3c If 3C 7^ {0}, then IjLt\x computed relative to the Ili-factor 

PJAP, where P e M denotes the projection onto 3C. 

"^OC is said to be hyperinvariant for T if it is invariant under every operator S G {T}'. 
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(a) the Brown measure of P^TP^, considered as an element of P^J\IP^, is concentrated 
onC\B. 

7.2 Corollary. Let T G M, and suppose that fiT is not concentrated on a singleton. 
Then there is a non-trivial subspace affiliated with M which is hyperinvariant for T. 

Proof. Take a Borel set 5 C C such that firiB) > and ^t{B'^) > 0. Then with 
P = Pt{B) G M as in Theorem 17.11 one has that P is hyperinvariant for T, and r(P) = 
fJ'T{B) G (0, 1). Since r is faithful, P must be non-trivial. ■ 

First case: Spectral subspaces associated with the set 5(0,1)). 

Consider a fixed operator T G M. As in sections 4 and 5, we can choose a circular 
system {x,y} in L(F4) and embed M and L(F4) into the free product 3\f = M * L(F4). 
This way {x, y} becomes a circular system in the lli-factor K such that M is free from 
{x, y}. We will denote the trace on TsT by r as well. For each n G N we define an operator 
T„GL^'(K,r), (0<p<l),by 

T^ = T+^xy~\ (7.1) 

Note that ||T — T„||p — >• as n — >• oo. According to Theorem 16.61 and Theorem 15.11 we 
have: 

7.3 Theorem. For each n G N there exists a projection P„ G !N such that 

(i) PnTnPn T^P-n; 

(a) fip„T„p„ (computed relative to Pny^Pn) is concentrated on B{0, 1), 
(Hi) fip±rp^p± (computed relative to P^J^P^ ) is concentrated on C \ B{0, 1). 

Proof. We will show that T„ satisfies the assumptions of Theorem 16.61 with a = 1 and 
p G (|, I). Clearly, T„ G and by Theorem O (i) , 

(T„ - Al)"^ = n{nT - nXl + z)-^ G LP{J4, t) 

for p G (0, 1), A G C. Moreover, by Theorem 15.11 (ii), 

II (T„ - Al)~^ - (T„ - /il)"ip = n\\{nT - nXl + z)~'^ - {nT - nfil + z)-^\[p 

<n2C«|A-/x| 

for p G (0, |) and A,yU G C. Thus, Theorem 17.31 follows from Theorem 16.61 ■ 
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7.4 Proposition. Let n G N, and let Pn be as in Theorem 17.31 Then 

< r(P„) < 1, (7.2) 

fiT„{dB{0,l))=0, (7.3) 
/iT„(i?(0,l))=r(P„). (7.4) 
Moreover, for every Borel set A G B(C), 

fiT,XA n 5(0, 1)) = T{P^)fiP„T„P„{A), (7.5) 
/iT„(A \ 5(0, 1)) = riP^)f^p.r^p.iA), (7.6) 

where the Brown measures of PnTnPn P^TnP^ are computed relative to PnJ^Pn and 
P^yiP^ , respectively. 

Proof. According to Corollary 14.61 fiT„ has a density ipn w.r.t. Lebesgue measure on C, 
and (pn{z) > for all z G C. Therefore supp(/iT„) = C. Moreover, 

/^T„ = r{Pn)fip„T„P„ + T{P^)fip±T„p± (7.7) 

(cf. Proposition 16. 5p . It then follows from (ii) and (iii) of Theorem 17.31 that fl7.2p holds. 
Moreover, since dB{0, 1) is a nullset w.r.t. Lebesgue measure on C, (17. 3p holds. Then by 
(ii) of Theorem 17.31 

r{Pn) = r(P„)/ip„T„P„ (5(0,1)) 

^^„(5(0, 1)) - r(P„^)/ipx^„px(5(0, 1)) 

(17. 5p and (17. 6p now follow from (17.70 and the fact that fip„T„p„ and fip±T„p± are concen- 
trated on 5(0, 1) and C \ 5(0, 1), respectively. ■ 

Now, take a free ultrafilter uj on N, and let 

a. = {{Xn)n=l e I lim ||X„||2 = O}, 

UJ 

w = £°°(K)/a^. 

Moreover, let p : ^°°(!N) Jsf^ denote the quotient mapping, let T = p((T)^^) denote 
the copy of T in [Nf^, and define a projection P G by 

p = p((PX=i)- 

Recall that the ultrapower 'N'^ is a Ili-factor equipped with a faithful tracial state given 
by 

r^(p(x)) = lim r(x„), x = (x„)^=i G ^°^(?^). 

For < p < cxD, 

{x% = lim X = (xO^=i e £°^(?^), 



where the p-norm on the left-hand side is computed w.r.t. the trace 
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7.5 Proposition. With Pandfas defined above, PfP = TP. 
Proof. For all p e (0,1), 

\\PfP-fP\\l = lim||P„TP„-TP„r 

= lim II (T - T„)P„ + T„P„ - P„T„P„ - P„(T - T„)P„||^, 

where 

||(T-T„)p„ + r„p„-p„r„p„-p„(T-r„)p„||^ < 2||t-t„||^ 

—>■ as n — >• oo. 

Since a; is a free ultrafilter, any convergent sequence converges along cu as well. Hence, 
||Pf P - f P||j, = lim ||P„TP„ - TP„||p = 0, < p < 1, 

and therefore TP = PfP. ■ 

7.6 Lemma. Let /i, /ii, 112, ■ ■ ■ £ Prob(C), and suppose that /in ^ /i weakly as n — > 00. 
Then 

(i) For every open set U C C, 

li{U) < liminf /XnCU). 

n— >oo 

(a) For every closed set FCC, 

l^{F) > limsup/x„(P). 

n— »oo 

(Hi) For every Borel set B C C with ii{dB) = 0, 

H{B) = lim ^ir,{B). 

n—>oo 

Proof. This is standard. In order to prove (i), write lu as the pointwise limit of an 
increasing sequence of non-negative functions 0„ G Cc(C). To prove (ii), use (i) and the 
fact that /Li(P) = 1 ^ jjL^F'^), where P^ is open, (iii) follows from (i) and (ii) with U = intP 
(the interior of B) and P = P. Note that /x(P) = /^(IX) = /x(P). ■ 

7.7 Proposition. If /ir(5P(0, 1)) = 0, then the sequence (t(P„))^i converges as n — > 
00. Moreover, 

fXT{B{0, 1)) = lim t(P„) = T,(P). (7.8) 
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Proof. According to Corollary 14. 6[ converges weakly to fix as n tends to infinity. Then 
by Proposition 17.41 and Lemma 17.61 

Mm^)) = lim/iT„ (5(0,1)) 

n— »oo 

= lim r(P„), 

n^oo 

and since a; is a free ultrafilter on N, t(P„) converges along u to /ir(-B(0, 1)) as well. 
Thus, 

T^P) = lim r(P„) =/ir(5(0,l)). ■ 



7.8 Lemma. (i) Consider a (classical) probability space (X, £,/x). For every f G 
IJp^Q LP{X, £, /i) one has that 



expj / log|/|d/i| = inf ll/llp = lim 



pi 



where exp(— oo) := 0. 
(ii) For every ^gUp>o^^W 

A(5) = inf 11^11,= hm 
p>0 p— >o+ 

Proof, (i) follows from |Rul Section 3, exercise 5(d)]. (ii) now follows by application of 
(i) to (R, B, /i|5|) and / = idR. ■ 

7.9 Lemma. Suppose /ir((9-B(0, 1)) = and that t^{P) G (0, 1). Tiieii for every complex 
number X, 

lim Ap„^p„(P„T„P„ - AP„) < Apy,.p{PfP - AP), (7.9) 

and 

lim Apx^px(P„^T„P„^ - AP„^) < Apx^.px(P^f P^ - AP^). (7.10) 

Proof. We consider the case A = only. The general case can be taken care of in the 
same way. According to Lemma 17.81 



where 



Ap„J^p„(P„T„P„) — ^inf II Pn^n-Pn II LP(P„?J-P„), 
U<p<l 



\P T P — II P T P \\P 

\J^n-LnJ^n\\Lp(^p^j^p^) r(Pn) ^ " ""P" 



It follows that 

Ap„KP„(P„7;P„) = inf (r(P„)-^||P„T„P„||p), (7.11) 

0<p<l 

and by the same argument, 

Apy,^p{PfP)= inf (r^(P)-i||pfP||p), (7.12) 

0<p<l 
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where 

r^(P)-^ = lim r(P„)-^, (7.13) 



and 
Now, 

and hence 



\PTP\\p = hm \\PnTPn\\p, 0<p<l. 

n—fu) 



\PnTPn PnTnPn\\p ^ ||^ -^"llp > aS 77. ^ CtJ, 



\\PTP\\p = hm WPnTPnh = \\PnTnPn\\p. (7.14) 

71— >aj n— to) 

Combining now (17.121) . (I7.13P and (17.141) . we obtain: 

/\pj,^p{PfP)= inf (hmr(PO"^ll^nT„P„||p). 

0<p<l n— >aj 

According to (17.111) . for every p G (0, 1), 

hm (r(P„,)"p II P„T„P„ lip) > hm Ap„j^p„(P„,T„P„), 

n— >a) n— >a; 

and it fohows that 

ApK"p(PTP) > hm Ap„^p„(P„T„P„). 
By similar arguments one can prove that (17. lOp holds. ■ 

7.10 Lemma. Let (a„)^;^ and (&„)^i be sequences in M U {— oo} and iet a, 6 G M. 

limsupa„ < a, 

n—*oo 

lim sup 6„ < b, 

n— >oo 

liminf (a„ + 6„) > a + b, 

then 

lim a„ = a and lim 6„ = 6. 

n— »oo n^oo 

('iij ('ij holds for convergence along a free ultrafilter u onN as well. 

Proof, (i) Let e > 0. Then, eventually as n — cx), a„ < a + e, bn < b + e, and 
ttn + bn > a + b — e. Hence, 

an = {dn + bn) -bn> a-2e 

and 

bn = {an + bn) - an>b - 2e, 

eventually as n oo. It follows that lim„^oo a,n = a and lim„^oo bn = b. (ii) follows in a 
similar way. ■ 
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7.11 Proposition. Suppose /iT(5S(0, 1)) = and t^{P) E (0,1). Let A G C with 
A(T - Al) > 0. Then 

lim Ap„j,p„ (PnTnPn - AP„,) = Apj,.p{pfp - AP), (7.15) 

and 

lim Apx^px(P„^T„P„^ - AP,^) = Apx^.px(P^TP^ - AP^). (7.16) 

Proof. We will apply Lemma [7. 101 with 

an = t{P„) log Ap„ j^p„ (P„T„P„ - AP„,) , 

bn = r(P„^) log Apx^px(P„^T„P„^-AP„^), 

a = r^(P) log Apx^p(PfP-AP), 

6 = r^(P^) log Apx:f,.px(P^fP^-AP^). 

Since T{Pn) converges to t^^{P) as n — > cj, we get from Lemma [7.91 that 

lim a„ < a and lim 6„ < h. 

Moreover, by Proposition 16.51 

a„ + 6„ = logA(T„-Al) and a + 6 = log A(T - Al). 
Hence, by the proof of Corollary 14.81 

lim (a„ + bn) = a + b. 

a, 6 G M because A(T — Al) > 0. Then by Lemma [7.101 (ii), 

lim a„ = a and lim 6„ = b. 

n—*uj n— >aj 

Since lim„_^^ r(P„) = t^^^P) > and lim„_,(^ r(P^) = r^(P-'-) > 0, this completes the 
proof. ■ 

We will now prove that under the assumptions /iT(5P(0, 1)) = and < t^{P) < 1, 

lim lJ.p„T^p„ = Hpfp 

and 

lim fip±T„p± = fip±fp^ 

(weak convergence in Prop(C)). 



7.12 Lemma. Suppose /xt(<9P(0, 1)) = and < t^{P) < 1. Define maps p, a : 
[0,oo[ by 

p(A) = ^M^nP(o,i)), (7.17) 
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^iA) = —^fXT{A\ 3(0,1)). (7.18) 

Then p,(J E Prob(C), and 

lim fip„T„p,^ = p and lim fip±T„p^ = cr 

n—foo n— >oo 

(weak convergence in Prob(C)j. 

Proof. p,a E Prob(C) because r^(P) = Atr(5(0, 1)) and r^(P^) = /ir(C \ 5(0, 1)) (cf. 
Proposition 17.71) . Put 

Pn = PPnT„Pn and a„ = Pp±t„p±. 
Then by ([TSD and fTTB]) . 

Pn(A) = 7(7ry/^T„(A n 5(0, i)) and p„(A) = :^^/iT„(A \ b{o, i)). 

Hence, for every continuous function : C — [0, 1], 

^dp„ = — ^ / v^d/iT„, 



and by the definition of p, 



B{0,1) 



TujiP) Jb{0,1) 



Choose fk E Cc(C), < /fc < 1, such that fk /" 1b(o,i) as — > oo. Since Pt 
weakly as n — > cx). 



1 



hminf f ipdpn > hm ( \ [ ip-fkdpq 

n^oo n^oo Vr(i^„j 

^ ■ fk dpT, k eN. 



r.iP) 

Letting A; ^ oo, we get that 



c 



hminf / (pdpn> — [ ipdpT= [ ^pdp. (7.19) 



The same argument apphed to the function 1 — (f gives 

hminf / (1 - V^) dp.„ > (1 - (p) dp, 
Jc Jc 



and hence 



hmsup / (pdpn< / (fdp. (7.20) 

n— >oo Jc Jc 
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Combining (I7.19P and fl7.2UI) . we find that for every continuous function ip : C ^ [0,1], 

lim / ip dpn = / dp, 



proving that Pn ^ P weakly as n — > oo. Since /iT„ (9-8(0, 1)) = pT{dB{0, 1)) = 0, a similar 
proof gives that cr„ a weakly as n oo: Simply replace in the above by G Cc(C) 
such that < < 1 and ^ffc 1c\ _b(o i) as /c ^ oo. ■ 

7.13 Proposition. Suppose pT{dB{0, 1)) = and < t^{P) < 1, and iet p,a be as in 
Leninia \7.12[ Then for aii A G C, 



limsuplog Ap„j^P„(P„T„P„ - XPn) < / log \z - X\ dp{z), (7.21) 

and 



c 



hmsuplog Apx:f,px(P„^T„P„^ - XP^) < [ log \z - A| da{z). (7.22) 
Moreover, if A{T - XI) > 0, then 

lim log Ap„:>,p„(P„T„P„ - AP„) = / log \z - X\ dp{z), (7.23) 

and 

lim log Apx:^px(P„^T„P„^ - AP,^) = / log \z - A| da{z). (7.24) 

Proof. At first note that by fl7.17p and (17.181) . supp(p), supp(cr) C supp(/ir) ^ <^(T), 
whence supp(p) and supp((T) are compact. Therefore, the right-hand sides of fl7.21l) and 
(I7.22P are well-defined. Let pn = Pp^^t^p^ and (j„ = pp±T^p±. Then by Lemma [7.121 

lim Pn = p and lim = a (7.25) 

n— »oo n— »oo 

(weak convergence in Prob(C)). Note that (17.2 ip and (17.220 are equivalent to 



limsup / log |z — A| dp„(2;) < / log l^r — A| dp(2;) (7.26) 

n^oo Jc 



and 



limsup / log |z — A| d(T„(2;) < / log 1^; — A| dcr(2;), (7.27) 
respectively. Let p G (0, 1). By [HSl Theorem 2.19], 

j krdp„(^) < ||P„T„P„ 



IP 

Ilp(P„3VP„) 



r(P„ 



I P T P IIP 

I n-'-n-'^ n\\p 
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and since p has compact support, 

j \z\^(\.p{z) < oo. 

Now, r(P„) — > T^{P) as 71 — > oo, and we can therefore choose a constant Cp depending 
only on p such that 



\z\P dp{z) < Cp and j \z\^ dpniz) < Cp, n G N. 
Then since \z - X\p < \z\p + \X\p, 

\z - \f dp{z) < Cp{\) and I \z- X\Pdpn{z) <Cp{\), 



where Cp{X) := Cp + \X\p. We will prove fl?:^ and fTTTTll in the case A = only. For 
general A the proof is essentially the same. For 1 < i? < oo define 

( \z\< 1, 

ipR{z) = < log 1^1, 1 < < R, 
[ logi?, \z\ > R. 

Then 

log+|^| = (^^(2) + log+(i^). (7.28) 
(fR is continuous and bounded. Hence, f l7.25p implies that 

lim / (pR{z)dpn{z) = / (pR{z)dp{z). (7.29) 



Moreover, for < p < 1, 



^ R-^'Cp 



p 

Similarly, 

Then by (ESH]) and (ESI), 



R-PCp 
p 



log+ |z| dp„(2;) - / log+|z|dp(z) 



c 



^ 2R-PCp 



p 



lim sup 

n— >oo 

for all i? > 1, implying that 

lim / log+ 1^1 dp„(z) = / log+ 1^1 dp(2). (7.30) 
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Now choose a sequence {fk)'kLi of compactly supported continuous functions on C such 
that fk > and fk /" log" \z\ as k ^ oo. Then as in the proof of Lemma [7. 121 

liminf / log" |z| dp„(z) > lim / fkdpn 

= / fkdp. 

Jc 

Letting k oo, we find that 

liminf / log" |z| dp„(2;) > / log" |2;| dp(2;). ('''•31) 



Since log \z\ = log"*" \z\ — log \z\, fl7.26p (with A = 0) now follows from fl7.30p and fl7.3ip . 
f l7.27p follows from a similar proof. This finishes the proof of f l7.2ip and f l7.22p . 

Now, assume that A(T — Al) > 0. We will apply Lemma [7.101 with 

a„ = r(P„) log Ap„j^p„(P„T„P„ - AP„), 
6„ = r(P„^)logApx^px(P„^T„P„^-AP„^), 



a = T^{P) / log l^; - A| dp(2;), 
Jc 

h = r^{P^) [ log|;2-A|d(T(;2). 



Then by ((7211), (E22l) and Proposition EZl 

lim sup an < a and lim sup 6„ < b, 



and by Proposition [6J 

an + bn = logA(T„ - Al) 

Since p^ = T^{P)p + T^{P-^)a, we also have 



a + b= I log 1^ - A| dfiriz) = log A(T - Al) 

Hence, 



c 



lim (a„ + bn) = a + b > — oo. 

n— >oo 

In particular, a, 6 G R. Then by Lemma F7.10[ 



lim ttn = a and lim 6„ = b. 

n— >oo n— >oo 



Since lim„^ooT(Pn) = t^{P) G (0, 1), (I7.23P now follows. A similar argument shows that 
fl7:2D holds. ■ 
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7.14 Proposition. If fiT{dB{0, 1)) = andO < t^{P) < 1, then w.r.t. weak convergence 
in Prob(C), 

lim fip„TnPn = f^pfp^ (7-32) 



and 

Moreover, 
and 



lim fip±T„p^ = f^p±fp±- (7.33) 



supp(/ipj,p) C 5(0, 1) 



supp(/Xpxypx) C C \ 5(0, 1). 



Proof. Combining (17.231) . (I7.24p . and Proposition 17.11^ we find that when A G C and 
A(r - Al) > 0, then 



log Apj^.p{PTP -XP)= / log \z - A| dp{z), (7.34) 

Jc 

and 

log ApX3^.px(P^TP^ - AP^) = [ log \z - A| da{z). (7.35) 

Jc 

The map A ^— log A(T — Al) is subharmonic, and hence A(T — Al) > for a.e. A G C 
w.r.t. Lebesgue measure. Both sides of (17.341) and (17.351) are subharmonic functions of A, 
and since two subharmonic functions which agree almost everywhere are identical, (17.341) 
and (I7.35P hold for all A G C, showing that 



P = Ppfp ^"^^ — /^pJ 



rppl 



Then (17.321) and (I7.33P follow from Lemma 17.121 Moreover, by the definition of p and a 
in Lemma [7. 12^ it is clear that 



supp(p) C P(0, 1) and supp(a) C C \ P(0, 1). 



7.15 Proposition. Let T G M, and suppose that for some r > 0, iXT{dB{0,r)) = 0. 
Then there is a T-invariant projection Pr G 3^'^, such that supp(/ip^j.p^) C P(0, r), 
supp(/ipxf.px) C C \ P(0, r), and 

rUPr) = /iT(5(0,r)). 

Proof. If pT^BiQ^r)) = 1, take P^ = 1 and define Pp±fp± to be 0. If pT{B{0,r)) = 0, 
take Pr = and define Pp^fp^ to be 0. If < pT{B{Q,r)) < 1, then < /iiy(P(0, 1)) < 1, 

and we can take Pr G J^^ to be the ^T-invariant projection found in the above with 
supp(//p^ifpj C P(0, 1) and supp (/ipx if px) C C \ P(0, 1) 

and with 

r^{Pr) = PiABiO, 1)) = piTiWA))- 

r r 

Clearly, Pr satisfies the conditions listed in Proposition 17.151 ■ 
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The T-invariant subspaces {E{T,r))r>o and {F{T,r))r>o. 

Recall from Section O that for each r > one can define T-hyperinvariant subspaces 
E(T,r) and F(T,r), for which the projections PE(T,r) and PF{T,r) are independent of the 
representation of M on a Hilbert space. In particular, we may regard E{T, r) and F{T, r) 
as subspaces of the Hilbert space IK = L^(3\f'^, r^), on which 'N'^ acts. 

7.16 Lemma. Let T e M and let r > 0. If fiT{dB{0,r)) = 0, then 

(i) supp(/ir|g(^,,)) C 5(0, r), 

(ii) supp(/iT|^(y,,)) C C\fi(0,r), 

fiiij TiPEiT,r)) = /iT(S(0,r)), 

fiV; r(P^(T,o) =/^T(C\fi(0,r)), 
fy; L;(T,r) = F(T*,r)^, 
fvi; F(T,r) = E(T*,r)^. 

Proof. In the proof of (i)-(vi) we will consider M as a von Neumann algebra acting on 
L^(!N'^,r^) and thus identify T G M with T G X^. Let Pr denote the projection from 
Proposition 17.151 Then 

supp(/ip,TpJ C 5(0, r), 
supp(/ip±rp,i) ^ C \ 5(0, r), 

and 

T^Pr) = MBiO,r)) = MW^)- 
For A C C, let A* = {z I 2 G A}. Then 

supp(/ipxr.p^x) C (C\5(0,r)r = C\i?(0,r). 

Since Pr^K) is T-invariant and Pr{0-C)^ is T*-invariant, it follows from Corollary 13. 51 that 

P,(K)CE(T,r) and P,(K)^ C F(T*, r). (7.36) 

Hence, 

riPEiT,r)) > rUPr) = MW^), (7-37) 

r(Pp(T.,r)) > 1 - r^Pr) = \ 5(0, r)). (7.38) 

Now choose a sequence (s„)^;^ from ]r, oo[ such that fiT{dB{0, s„)) = for all n G N and 
s„ \ r as n — > CX3. Applying (17.381) to s„, we find that 

r(F(T*, s„)) > /iT(C \ 5(0, s„)), n G N. 

Moreover, 5(T, r)_LF(T*, s„) (cf. Lemma [3. 6p . Hence, 

r{PEiT,r)) < 1 - r(Pp(T.,s„)) < /iT(C \ 5(0, s„)). 
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Letting n — >• cx), we see that 

TiPEiT,r))<MC\B{0,r)). 

Thus the inequahty f l7.37p is an equahty. Next, choose a sequence (tn)'^=i from (0,r) such 
that tn y r as n ^ oo and with /i^ (95(0, /!:„)) = for all n. Arguing as above, we find 
that 

r(PF(r*,r)) < 1 - riPEiT,tJ < \ 5(0, 

Letting n — > oo, we obtain 

r(PF(T-,r)) </iT(C\5(0,r)). 

Hence, (17.381) is an equality too. With fl7.37p and fl7.38p being equalities it follows from 
I^M) that 

Pri:K) = E{T,r) and P,(:K)^ = F{T\r). 

Altogether, we have proven (i), (ii), and (v) for T and (ii), (iv), and (vi) with T replaced 
by T* . Since fiT*{dB{0,r)) = fiT{dB{0,r)) = 0, and since T was arbitrary, this finishes 
the proof. ■ 

7.17 Remark. If T G M, and if Ei and E2 are closed, T-invariant subspaces affiliated 
with M with Ei C E2 {0}, then supp{fiT\Ej^) ^ ^'^PP{f^T\E2)- Indeed, Ei is invariant 
under T\e2, and if Pi denotes the projection onto Ei, then Ei is affiliated with 52^-^2, 
whence 

fJ'T\E2 = '^2{Pl) ■ fJ'iT\B2)\E,) + - Pi) ■ fJ'(P2-Pl)T\E2{P2-Pl) 

= T2{Pl) ■ fJ'T\E, + ^2(^2 - Pi) ■ f^{P2-Pl)T\E2iP2-Pl), 

where T2 = denotes the trace on It follows that supp(/iT|s^) ^ ^'^PVif^riE^)- 

7.18 Lemma. For T G M and for arbitrary r > 0, (i), (ii), (Hi), and (iv) of Leninia \7.16\ 
hold. Moreover, 

(vO E{T,r) = a>,,F(T*,.)^ D F{T\r)^, 
(vV) FiT,r) = n,^^EiT*,s)^ D EiT*,r)^. 

Proof. Choose sequences {sn)'^=i from (r, 00) and (tn)^i from (0,r) such that s„ \ r, 
tn y r, and with /ir((9i?(0, = fiT{dB{0,tn)) = for all n. According to Remark [7. 171 
and Lemma [7. 161 (i) and (ii), 

00 

SUpp(/iT|^(^,,.)) = p|supp(/iT|^(^,,„)) 

n=l 

00 

C f]B{0,Sn) 

n=l 

= 5(0, r). 
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Similarly, with the aid of the sequence we find that 

supp(/iT|^(r,,)) C C \ fi(0,r). 
According to Lemma [7. 161 (iii) and (iv), 

Letting n ^ oo and applying Lemma 13.21 (b) we then have 

r{PEiT,r)) = MB{0,r)), 

r{PF(T,r)) = /iT(C\ 5(0,0)). 

By application of Lemma [7. 161 (v), 

oo oo 

E{T, r) = fl E{T, s„) = f| F{T\ s„)^ D f| F{T\ s)^, 

n=l n=l s>r 

and then by Lemma 13.61 

E{T,r) = [^F{T\s)^. 

s>r 

Since F{T*,s) C F{T*,r), s > r (cf. Lemma [3.21 (b)). this proves (v'). (vi') is proven in 
a similar way using the sequence (tn)^i. ■ 

7.19 Corollary. For every T G M, every A G C and every r > one has: 

(i) E := E(T — Al, r) is the largest, closed T-invariant subspace afhliated with M, such 
that supp(/iT|£;) ^ B{X,r). 

(a) F := F(T — Al, r) is the largest, closed T-invariant subspace afhliated with M, such 
that supp{fiT\p) C C \ -B(A, r). 

Proof. It suffices to consider the case A = 0, because fiT-xi\E f^T-\i\p are the push- 
forward measures of fj,T\E and /xtIf; respectively, under the map z z — X. More- 
over, because of Corollary 13.51 we only have to prove that supp(/xt|e) ^ -8(0, r) and 
supp(/ir|j^) C C \ 5(0, r), and these properties follow from Lemma 17. 181 ■ 

Spectral subspaces corresponding to closed sets. 

7.20 Proposition. For every T G M and every closed set FCC there is a largest, 
closed T-invariant subspace % = XriP) afhliated with M, such that supp{^T\x) ^ P- 
Moreover, % is hyperinvariant for T. 
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Proof. We may write C \ F as a union of countably many open balls (i?(Afc, ta;))^^!: 

oo 

C\F=[jB{\k,rk). 

k=l 

With 

oo 

3C:= f|F(T-Aa,rfc), (7.39) 

k=l 

% is hyperinvariant for T, and according to Remark \7.17\ 

supp(/XT|3c) ^ C \ B{\k,rk) 
for every k E N. Hence, supp{fj,T\x) C F. 

In order to prove that % is the largest closed subspace of IK having this property, assume 
that %' is a closed T-invariant subspace affiliated with M, such that svLpp{fj,T\^,) C F. 
Then, for every k E N, supp(/XT|3^,) ^ C \ B{Xk,rk). Therefore, by Corollary 13.51 %' C 
F{T - Afcl, rk), and it follows that X' C X. m 

7.21 Definition. For T e M and F a closed subset of C we denote by Pt{F) G W*{T) 
the projection onto the subspace Xt{F) found in Proposition 17.201 

The following proposition is a trivial consequence of Proposition 17.201 and Remark 17.171 

7.22 Proposition. For every T G M one has that 

(i) p^{(ls) = and Pt{C) = 1 

(ii) IfFi and F2 are dosed subsets of C with Fi C F2, then Pt{Fi) < Pt{F2) 
(in) If {Fi)i(zj is a family of closed subsets of C, then Pt[ Hie/ ^i) — Aiei ^T^Fi) 

7.23 Lemma. For every T G M and every closed subset F of C, 

r{PT{F)) < firiF). (7.40) 

Proof. This is an easy consequence of the fact that 

= t{Pt{F)) ■ ^ip^(F)TPT{F) + T{PT{Fy) ■ Hp^^p)^tPt{F)^ 

with np^^F)TPTiF){F) = 1. ■ 

7.24 Proposition. Let T G M. Then for every closed subset F of C with fixidF) = 0, 
(i) t{Pt{F)) = ^it{F), 
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(ii) Xt{F) = %t4C\F*)^. 

Proof. As in the proof of Proposition 17.20^ write C\F as a union of countably many open 
balls (5(Afc,rfc))-i: 

oo 

C\F=[jB{Xk,rk). 

k=l 

Then Xt(-F) is given by 

oo 

%T{F) = f]F{T~Xkl,n). 

k=l 

By Proposition [722] (ii), 



and then by Lemma [7.161 (v'), 



XT4C\F*)DF{T-Xkl,rk)^. 

It follows that 

oo 

%t{F) = Pi F(T - Xkl,n) D XT.iCW)^- (7.41) 



k=l 

Then for the corresponding projections we have: 



t{Pt{F)) > 1 - t{Pt^ (C \ F*). (7.42) 

According to Lemma 17.231 

T{PT{F))<^^T{F), (7.43) 

and since fiT^dF) = 0, 



1-t{Pt4C\F*)) > l-/iT*(C\F*) = 1-/xt(C\F) =iit{,F). (7.44) 
We deduce from ([732]), ([733]), and f[7:iD that 



t{Pt{F)) = firiF) = r(l - P^* (C \ F*)). 

Then by ([731]), 

X^iF) = XT*iC\F*)^. m 



7.25 Proposition. For every T G M and every closed subset F ofC, t{Pt{F)) = ^t{,F), 
and hence fip^(^p)±TPj,{F)^ concentrated on C\F. 

Proof. For t > define 

Ft = 1^ G C|dist(;z,F) < 

The map t ^-^ fiT{Ft) G [0, 1] is decreasing, and therefore it has at most countably many 
points of discontinuity. This entails that fipidFt) = for all but countably many t > 0. 
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Choose > ^2 > ^3 > • • such that i„ \ as n — > oo and iix^dFt^) = for all n e N. 
Since Ft^ \ n~=i = F, we have that PT(i^tJ \ Pt{F), and hence 

t{Pt{F)) = lim r(Pr(FiJ) 

n— >oo 

= lim /iT(i^tJ 

n^oo 

as claimed. Finally, since 

flT = '?'(-Pr(-^)) • ^Pt{F)TPt(F) + t(-Pt(-^)"^) • ^Pt{F)^TPt{F)^i 

where lJ'Pj.{F)TPT{F)iF) — 1, we conclude that 

r{PT{Fy) ■ i2p^^F)^TPriF)4F) = 0. 

Hence, if Pt{F) ^ 1, then fip^(^p)±rpp^(^p)±{F) = 0. If Pt{F) = 1, then, by definition, 
IJ,p^(^p^±pp^(^p'j± = 0, and this measure is trivially concentrated on C \ F. ■ 

7.26 Lemma. Let T e M, and let P E M be a T-invariant projection. Then for every 
closed subset F of C, 

%T\,,^^{F)^%T{F)ryP{'K). (7.45) 

Proof. Let Q e PMP denote the projection onto %T\p^^.^{F), and let R = Pt{F) A P. 
We will prove that Q < R and R < Q. 

Clearly, Q < P. In order to see that Q < Pt{F), recall that Pt{F) is the largest projection 
with the properties 

(i) Pt{F)TPt{F) = TPt{F), 

(ii) Hpj.{f)tPt{f) (computed relative to Pr(P)MPT(P)) is concentrated on F. 
Since 

QTQ = QTPQ = TPQ = TQ, (7.46) 

and fiQTQ = l^'QTPQ (computed relative to QMQ) is concentrated on P, we get that 
Q < Pt{F), and hence Q < R. 

Similarly, to prove that R < Q, prove that 
(i') RTPR = PPP, i.e. RTR = TP, 

(ii') Urtpr = fJ'RTR (computed relative to RMR) is concentrated on P. 

Note that if Pt{F) = 0, then R < Q, so wc may assume that Pt{F) ^ 0. (i') holds, 
because P(J{) = P(J{) n Pr(P)(?{) is T-invariant when P(J{) and PTiF){^) are T- 
invariant. In order to prove (ii'), at first note that R^K) is TP^ (P)-invariant. Hence 

fJ'TPriF) = Ti (P) • IIRTR + Ti (P"^) • IIr±tR-L , (7.47) 
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where ri = T{p^{f)) ' '^\pt{f)mpt{f)- It follows that 

TliR) ■ fiRTRiF') < fiTPr{F)iF') = 0, (7.48) 

and thus, if i? 7^ 0, then ^iRTR{F'^) = 0, and (ii') holds. If i? = 0, then R < Q is trivially 
fulfilled. ■ 

The general case. 



Proof of Theorem \7.1\ Define 

PTiB):= \J Pt{K) (7.49) 

K compact, KCB 

and 

XriB) = PTiB){:K). (7.50) 

Then %t{B) is T-hyperinvariant. Since fJ^rix^^g-^ is a regular measure (cf. [El Theo- 
rem 7.8]), 

f^T\j,^iB)iB) = sup{/^T|3,^(s)(^) I K compact, K C B}. 
For every compact set KCB, %t{K) C %x(B) is T|3<:T(B)-invariant, so with P = Pt{B), 

/^Tkj,(S) = TPMp{.Pt{,K)) ■ AiT|3Cy(^) + rpMp{P - Pt{K)) ■ 11(^p_p^(^k))T{P-Pt{K))- 

Therefore, by Proposition I7.25( 

^^TW,,B,iK) = ■ t{Pt{K)) . /XT|,^,,,(ir) + = ^ • t{Pt{K)). 



(P) ^ J ^(p) 



(Pr(-ft'))x compact, KQB is an increasing net of projections with SO-limit Pt{B). Therefore, 
/^TL,^(„(5) = sup ■ t{Pt{K)) I K compact, K<ZB^ = l. 

This shows that fJ'Tlx^^gsi is concentrated on B. Moreover, by similar arguments, 

Ht{B) = sup{fiT{K) I K compact, K C B} 

= snp{T{PT{K)) I K compact, KCB} 
= riPriB)), 

proving that (i) of Theorem 17.11 holds, (ii) then follows as in the foregoing proof. 

Finally, suppose that Q G M is a T-invariant projection and that /^r|Q(M) is concentrated 
on B. Then by Lemma [7.261 and Proposition 17.251 

TQMQiP A Q) = snpirgMQiPriK) AQ)\K compact, KCB} 

= sup{rQ]vcQ(^T|Q(„)(^)) I K compact, KCB} 

= sup{/iT|g(5^) (-f^) I K compact, K C B} 

= mgrniP) 

= 1. 

Hence, P A Q = Q, and we get that Q < P. ■ 
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7.27 Corollary. For every Borelset B C C, 

Pt*{C\B*) = 1-Pt{B), 

where B* = {z \ z e B}. 

Proof. Let % = %t{B) and P = Pt{B) be as in Theorem 17. 1[ Then by Theorem 17. II (ii), 
%^ is a closed T*-invariant subspace, and the Brown measure of p-^T*P^ = (P-^TP-^)* 
is concentrated on B*. Hence, 

Pt*{C\B*)> P^ = Pt{B)^. (7.51) 

But 

t{Pt*{C\B*)) = /iT*(C\5*) 
= MC\B) 
= I -MB) 
= r{PT{B)^). 

Hence, equahty must hold in (17.511) . ■ 

7.28 Corollary. Let T G M, let B C C be a Borelset, and let % be a closed, T -invariant 
subspace of !K which is afEliated with M. Then the following two conditions are equivalent: 

(i) % = Xt{B), 

(ii) fip^TPx ^'s concentrated on B and fip±TP^ concentrated on C \ B. 

Proof. That (i) implies (ii) is a consequence of Theorem I7.1[ Now, suppose that (ii) 
holds. Then % C 'Xj'[B). Moreover, is T*-invariant, and Hp±rptp± is concentrated on 
{C\B)* =C\B*. Therefore, C Xt*{C\B*) = XriB)^. Hence, X = XriB). m 



8 Realizing PE{T,r) ^ind PF{T,r) ^is spectral projections 

Recall from Section [3] that for every T G M and every r > we defined T-hyperinvariant 
subspaces E{T,r) and F{T,r). The aim of the present section is to show that the corre- 
sponding projections, PE{T,r) and Pp{T^r)i have the following property: 

8.1 Theorem. For every T G M we have: 
(a) There is a unique operator A G M^, such that for every r > 0, 

PE{T,r) = l[0,r](^). (8.1) 

Moreover, 

A = SO- lim ((T*)'^T")5^. (8.2) 
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(b) There is a unique operator B G M+, such that for every r > 0, 

Pf{T,7-) = l[r,oo[(-B)- (8.3) 

Moreover, 

S = SO - lim (T"(T*)")2^. (8.4) 

n^oo 

In the proof of Theorem 18.11 we shall need the following two lemmas. The first one of 
them is elementary, and we omit the proof of it. 

8.2 Lemma. Let P, Pi, P2, ... be projections in BCK) . Then the following are equivalent: 
(i) Pn P in the strong operator topology, 

(a) \\Pn^ - ^11 -> for every ^ G P(J{) and \\PnV - ^11 ^or every r] G P{^)^. 

8.3 Lemma. Let A, Ai, A2, ... be operators from BCK)^ , and assume that 

M := max{||A||, sup ||v4„||} < 00. 

neN 

If 

l[0,r](^„) ^ l[0,r](^) (8.5) 

in the strong operator topology for all but countably many r G [0, M], then A^ —>■ A in 
the strong operator topology. 

Proof. We prove this, approximating An and A with linear combinations of projections 
of the form l[o_r](^n) and l[o,r](^), respectively. Choose a > such that (18.51) holds for 
all r G «Q+ n [0, M]. For each A; G N define 

a \ 

k=l 

Bn,k = j; ^ l]2^,oo[(^n). 
k=l 

Then, by the Borel functional calculus for normal operators, 

\\A-B4<^, 
k 

and 

W^n — -Bn.fell < -r- 
K 

By assumption, for fixed k ^ N, Bk = SO — lim„^oo Bn,k, and it follows that An —>■ A in 
the strong operator topology. ■ 



71 



Proof of Theorem \8.1[ According to Lemma [212] (b), if we define E{T, 0) := f]^.^Q E(T, r), 
then r i— * PE{T,r) is increasing and SO-continuous from the right. Moreover, according 
to Lemma 13.41 PE{T,r) = 1 for every r > r'[T). |KRll Theorem 5.2.4] then imphes 
that there is one and only one operator A G M"*", such that (18.11) holds. Moreover, 
ll^ll < r'{T) < \\T\\. 

Now, take r > such that fiT{dB{0,r)) = 0. Then 

(i) E{T,r) = F(T*,r)^. 
Moreover, we claim that 

(ii) [j,^^^,EiT,s)=EiT,r), 

(iii) [j^^^^^F{T*,t)=F{T*,r). 

The one inclusion C in (ii) is obvious. On the other hand, 

= lim fiT{B{0,s)) 

s—*r— 
= T{PE(T,r))- 

Hence, "=" holds in (ii). Similarly, "C" holds in (iii). On the other hand, 

= lim r(l - PE{T,t)) 
= lim ^T(C\5(0,t)) 

= /iT(C\i?(0,r)) 
= r(l-P^(T,o) 

= r(Pp(T*,r))- 

Thus, (iii) holds. 

Now, let ^ G E{T,r) and r] G E{T,r)^ = F{T\r) with ||^|| = \\r]\\ = 1. Let e > 0. 
According to (ii) and (iii), we may take s G (0, r), t G (r, oo), ^' G EiT, s) and rj' G F{T*, t) 
with ll^'ll = ||?7'|| = 1, ||,^ — ,^'11 < I and \\r] — ri'\\ < | . Next choose and r]'^ in such 
that 

lim U'n - ^'W = and lim sup ||T"^^,|| " < s, 

and ^ 
lim ||(T*)"r7' — r?'!! =0 and limsup llf!, ||~ < -. 
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We can, without loss of generality, assume that ||^^|| = ||(T*)"?7^|| = 1 for all n G N. Then 
let pn (respectively (T„) denote the distribution of {T*YT'^ w.r.t the vector state on M 
induced by (respectively {T*Yrj'^. Arguing as in the proof of Lemma [3^ we get that 

p„(]r^", oo[) ^0 as n — >• oo, 

and 

(T„([0,r2"]) as n^oo. 

Put An = ((T*)"T")2k. Then 

II l[o,r] (^n)C - 6nf = Pn(]r^", oo[) ^ as n oo, 

and 

||l],,oo[(A„)(T*)X-(2^*)Xf = ^n([0,r2"])^0 as n ^ oo. 
Since ||,^^ — ■C'll ^0 and \\ri — ri'\\ < |, we get that 

eventually as n — >■ oo, and similarly one argues that 

||l]r,oo[(^n)^ - ^711 < £, 

eventually as n ^ oo. Thus, with P„ = l[o,r](^n) and P = Pe{t,t) = l[o,r](^) we have 
shown that 

lim ||P„e-ell =0 

n— »oo 

for all unit vectors ^ G P{'K) and hence for all ^ G P{'K). Similarly, 

lim 11(1 -P„)r/-r7 II =0 

n— >oo 

for all 7] G P(!K)-'". It then follows from Lemma F8. 21 that 

SO - lim l[o,r](^n) = l[0,r](^) 
n^oo 

for all r > with /ir(9P(0,r)) = 0. Then by Lemma [U (with M = ||T||), A„ ^ A as 
n — s> oo in strong operator topology. This proves (a). 

(b) According to (a) applied to T*, the limit 

P = SO - lim ((T")*T")^ 

71— >00 

exists and is uniquely determined by 

l[o,.](P) = P£;(T.,r), (r>0). 
Moreover, for all but countably many r > 0, 

l[r,oo[(-B) = l]r,oo[(-B), 
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and 

F{T,r)^ = E{T*,r). 

Hence, for these r's, 

l[r,oo[(-B) = 1 — l[o,r](-B) = 1 — PE{T*,r) = PF{T,r)- 

Since r i— ^ l[r,oo[(-B) and r i-^ PF{T,r) are both SO-continuous from the left, it follows that 

l[r,oo[(-B) = PF{T,r) 

for all r > 0. 

Conversely, if B' G and l[r,oo[(-B') = PF{T,r) for all r > 0, then the argument above 
may be reversed to show that 

l[0,r]iB') = PE{T*,r), (r > 0) , 

and hence, by the uniqueness in (a), B = B' . m 

8.4 Example. According to Theorem l8.ll for every T G M the sequence 
converges in strong operator topology. The following example due to Voiculescu (personal 
communication 2004) shows that this is not the case for all T G i?(!K) when dimJ{ = +00. 
Indeed, let T G B{i'^{N)) be the weighted shift given by 

Ten = CnCn+l, n G N, 

where (e„)5^]^ is the standard basis for £^(N), and {cn)'^=i is given by 

_ J 1 , 2^ < n < 2''+\ k even, 
^" ~ I 2 , 2''<n< 2''+\ k odd. 

Then 
and thus 

i=l 

Since 

limsup ( JJq) " = 2^ 

n— >oo ^ . -, ^ 

and 

liminf ( TT Q ) " = 2^, 

i=l 

it follows that (((T*)"T") sk)^^^ is not SO-convergent in B{e{N)). 
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9 Local spectral theory and decomposability 



A bounded operator T on a Hilbert space "K is said to be decomposable (cf. |LN[ Defini- 
tion 1.1.1]), if for every open cover C = f/U V of the complex plane, there are T-invariant 
closed subspaces CK' and "K" of IK, such that the spectra of the restrictions of T satisfy 
(t{T\:k') C U and a{T\:K") ^ V, and such that IK = + IK". 

Given T G -B(IK), a spectral capacity for T is a mapping E from the set of closed subsets 
of C into the set of all closed, T-invariant subspaces of IK, such that 

(i) E(0) = {0} and E{C) = IK, 

(ii) E{U i) + ■ ■ ■ + E{Un) = IK for every (finite) open cover {Ui, . . . , of C, 

(iii) -^nj = n^i-^(-^n) every countable family (-F„)^]^ of closed subsets of 
C, 

(iv) a{T\E{F)) ^ for every closed subset F of C (with the convention that cr(T|{o}) = 

0). 

Finally, given T e i?(IK) and ^ G IK, the local resolvent set, Pt(0) of T at ^ is the union 
of all open subsets U of C, for which there exist holomorphic vector-valued functions 
fu '■ U ^ J-C, such that (T — Al)/[/(A) = ^ for all X & U. Note that according to 
Neumann's lemma, 

{zeC\\z\> \\T\\}CpT{0, 

and therefore, (TriO '■~ '^\Pt{C,)^ ^^e local spectrum of T at C,, is compact. For any subset 
A of C, the corresponding local spectral subspace of T is 

IKT(A) = {eGlK|orr(OCA}. (9.1) 

It is not hard to see that IKt(^) is T-hyperinvariant. 

Now, the three definitions given above, i.e. that of decomposability, that of a spectral 
capacity and that of a local spectral subspace, are closely related, as the following theorem 
indicates: 

9.1 Theorem. JLiV} Proposition 1.2.23] Let T be a bounded operator on a Hilbert space 
IK. Then the following are equivalent: 

(i) T is decomposable, 

(ii) T has a spectral capacity, 

(iii) for every closed subset F of C, IKt(-F) is closed and 

) ^ a(T) \ F, 
where Pt{F) denotes the projection onto IKt(T)- 
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Moreover, ifT is decomposable, then the map F is the unique spectral capacity 

for T. 



Now, if the operator T appearing in our generalized version of Theorem 11.11 is decompos- 
able, how is the local spectral subspace IKt(-B) related to the T-invariant subspace %t{B) 
for B e B(C)? 



9.2 Proposition. If T is a decomposable operator in the Ili-factor M, then for every 
B e B(C), XriB) = :Kt{B). 

Proof. Since ariO is compact for every ^ G J{, we have that 

:Kt{B) = [j ^t{K). 

KCB, K compact 

Moreover, by definition 



Xt{B) = \J %t{K). 

KCB, K compact 

Hence, it suffices to prove that for every compact set C C, %t{K) = J-CrpiK). Since T 
is decomposable. Theorem 19.11 implies that for every closed subset F of C, 

criTW^P)) C F, 

and 



a{{l - Qr{F))T\ )Ca{T)\F, 
where Qt{F) G W*{T) denotes the projection onto !Kt(F). In particular, 

supp(/ir|5,^(^)) C F, 

and 

supp(/XT|(,.Q^(,„,,^^^^^ J C a(T) \ F, 

It follows that Qt{F) < Pt{F), where Pt{F) G W*{T) denotes the projection onto 
XriF). Now, 

t{Pt{F)) = ijt{F) 



and since F na{T)\F C dF, we get that 

Hence, if firidF) = 0, then r(Pr(i^)) < r(gr(F)), and it follows that Pt{F) = Qt{F). 
For a general closed subset F of C, define 

= |z G C dist(z,F) < (t>0). 
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Then \ F as t oo. Take < ti < t2 < . . such that t„ ^ oo and such that for all 
n G N, HT^dFt^) = 0. Then, since F Qt{F) is a spectral capacity for T, we have: 

oo 

Qt{F) = ^Qt{F,^) 

n=l 

oo 

n=l 

= Pt{F). m 



9.3 Corollary. IfT^M is decomposable, then supp(/iT') = (^(T). 



Proof. We know from |Brj that supp(/iT) ^ cr(^) always holds. Now, let T G M be 
decomposable, and let F = supp^fir)- Then %t{F) = Hence, by Proposition 19.21 and 
Theorem 19.11 



■Kt{f) = :Kt{f) = Xt{f) = j{. 

Therefore, by condition (iv) in the definition of a spectral capacity, 
a{T) = a{T\ji^(^F)) CF = supp(/iT)- ■ 



9.4 Corollary. Every JJi -factor M contains a non-decomposable operator. 

Proof. According to |DHll Example 6.6], JsT = ®^=2-^i'^'^) contains an operator T for 
which o"(T) = D and /ir = ^o- Since 'N embeds into the hyperfinite Ili-factor Ji, and 
since every Ili-factor contains m as a von Neumann subalgebra, M contains a copy of T. 
According to Corollary 19.31 T is not decomposable. ■ 

9.5 Remark. By |DH2j . Voiculescu's circular operator is decomposable. More generally, 
every DT-operator is decomposable. 



10 Appendix: Proof of Theorem 16.2 



Consider a fixed map / : [a, b] —>■ Lp(M, r) which is Holder continuous with exponent 
a > That is, / satisfies f l6.2p for some positive constant C. For every closed 

subinterval [c, d] of [a, b] we let f{x) dx be given by Definition 16.11 

10.1 Lemma. Let a = xq < Xi < ■ ■ ■ < x^-i < = b and a = < yi < • ■ ■ < yn-i < 
yn = b be partitions of the interval [a, b], and dehne 

m 

Tx = '^fixi){xi - Xi_i), 
1=1 
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i=i 

Then with 6x = maxi<j<m(a;j — and 6y = maxi<j<„(?/j — yj-i) one has that 

\\n - Ty\\P < C%m + n) max{5,, (10.1) 

Proof. Let a = zq < zi < ■ ■ ■ < Zr^i < Zr = b he the paron of the interval [a, b] containing 
all of the points xi, . . . , x^-i and yi, . . . , Vn-i- For 1 < A; < r, let i{k) G {1, . . . , m} and 
j[k) G {1, . . . , n} be those indices for which 



and 



Then 



and 



[zk-i,Zk] C [l/j(fc)-i,l/j(fc)]- 

r 

= J]]/(a;i(fc))(^fc - ^fc-i), (10.2) 
fc=i 

r 

^S/ = X] f(yj(k))i^k - Zk-l). (10.3) 
A;=l 



Since 2;^ G [xi(k)-i,Xi(^k)] n Z/jXfc)], both of the points Xi(^k) and ?/j(fc) must belong to 

the interval [zk, Zk + max{5^., 5^}], and it follows that 

\\f{x,(k)) - f{ym)\\p < Cmax{5,,5J-. (10.4) 
Combining mT^ . (fTO:^ and ffTITil) we find that 

r 

\\T. - TyVp < Y^^Zk - ^,._i)^C^max{5,, 5,}"^ < (m + n)C^max{5,., 5^"^'+^'. ■ 

k=l 



10.2 Lemma. For every c G (a, 6), 

rb pc nb 

/ /(x)da;= / f{x)dx+ / /(x) dx. (10.5) 

J a J a J c 

Proof. Let {Sn)^=i, (5'i^'*)^i and (S'n^'*)^;^ be the sequences defining J^^ f{x) dx, f{x) dx 
and f{x)dx, respectively (cf. Definition 16. ip . That is, with 

Xi = a + z^^, (z = 0,...,2"), 
% = « + (j = 0,...,2"), 

= c+(j-2")^, (j = 2" + l,...,2-2"), 
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one has: 

2" 

i=l 
2-2" 

Then with 5^. = maxi<i<2n(xj = ^ and = maxi<j<2.2"(2/j -Z/j-i) < ^ we get 

from Lemma FlU. II that 

and since p + ap — 1 > 0, we conclude that \\Sn — {Sn^ + Sn^)\\p — > as n cxd. ■ 
10.3 Lemma. 

/(-x)dx = / f{x)dx. (10.6) 

-6 J a 

Proof. f{-x)dx = hm„_oo 5*^, where 

k=l 

b — a sr^ „ / , — a 



2" ^ V ' '2" 

A:=l 

2" — 1 

b — a \ ^ „ / h — a 



2" 

i=0 



Hence 



ll-^n - 5;||p = ^7-^11/(6) - /(a)||p ^0 asn ^ oo, 



and it follows that 

r-6 



/—a po 
f{—x)dx = lim 5^ = lim Sn = f{x)dx. 
-b '^^'^ ia 



10.4 Lemma. For every c G [a, 



b — a 



1 r;Wd.'<^^^^^. (10.7) 



p + p — 1 
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Proof. At first we consider the case c = b. Taking (16.41) into account we obtain: 



{b-a)f{b)- / f{x)dx 



= lim ||5o-5„||^ 

n—^oo ^ 
oo 



n=l 



< 



(p+pa-l) 



n=l 



where 



(p+po-l) 



1 



n=l 



< 



< 



2P+pa-l _ X 
1 

glog2(p+pa-l) _ ]^ 
1 

log2(p + pa — 1) 
2 



p + pa — 1 



Hence 



{b-a)f{b)- / /(x)dx 



p ~ p + pa — 1 



and then by Lemma I1U.3[ 



{b-a)f{a)- I /(x)dx "= {b-a)f{-{-a))- / /(-x) dx 

It follows now that for arbitrary c G (a, 6), 

(c- a)/(c) - / f{x)dx 

J a 

and ^ 

"(6-c)/(c)- / /(x)dx 



< 



CP{b - a] 



p+ap 



p + pa — 1 



P~ p + pa-l 



p ~ p + pa — 1 



(10.8) 



(10.9) 



whence 
(6-a)/(c) 



/(x) dx 



(b-c)fic) + ic-a)fic)- / /(x)dx- / /(x)dx 



{b-c)f{c)- /(x)dx + {c-a)f{c)- /(x)dx 



< 

~ p + pa — 1 p + pa — 1 
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Since p + ap > 1, 

(c - aY^^P + {b- cy-^'^P <{h- a)P+"P, 
and (fnrn) follows. ■ 

Proof of Theorem Ig.M According to Lemma 110.21 



M 



n 



f{x) dx 



i=i 



i=l -'^i-'^ 



f{x) dx 



and by Lemma [10. 4[ 



f{ti){xi -Xi_i) - / /(x)dx 



< 



< 



p + ap — 1 

-a;,-i)(x,-a;,-i)P+"P-^ 
p + ap — 1 

p + ap — 1 



Consequently, 



M- / f{x)dx 



CP 



< 

p p + ap 



-^{xi - Xi_i)5{I) 



.1 CPib - a)S{I) 



p+ap—l 



p + ap — 1 
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